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MOTIVATION

Calculations of EE has been of special interest in different contexts
@ Encodes fundamental information of the underline quantum
field theory (connected to c,f and a-theorems)
@ Characterization and discovery of quantum phase transitions

o Fundamental quantity in Information Theory (quantum
computers?)

@ In the holographic context It seems to be a key quantity of
study to understand quantum gravity
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MOTIVATION

In this work we outline the calculation of the vacuum disk
entanglement entropy for a pure Maxwell Field with a compact
U(1) gauge group.

e Maxwell Field <» Compact Free Scalar (is trivial enough to
allow this calculation)

@ In 3 dimension F(rp) := rpS’(rp) — S(rp) (its proof is not
valid in general [Casini,Huerta-2012]) (gauge theories?)

@ In the context of the replica trick lim,_1 S, — S, how to
implement analytic/numerical continuation?
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F Theorem

F(rD) = rDS’(rD) — S(rD)

i It is ultraviolet finite and scheme independent
i For CFT's it is constant and = (Fg3 = —In Zg3)
iii It is monotonically decreasing (F-theorem)

uv
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F Theorem

e Codifies Topological and Local dof (i.e for Chern-Simons
theory F = 3 Ink)

o Discovery of exotic flows N/R > NV as long as N/R < FUV?
(i.e C-S + Maxwell in the UV~ Maxwell, IR~ CS —
FYY' > Zink for every k )

@ Provide extra evidence of the F theorem by computing F(rp)
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Entanglement Entropy

Time slice of the 3d

. o H=HasRHx
space—tlme

@ The Entanglement entropy
between A and A€

5(A) = —Trpalnpa,

A @ where pa = Tracp and
p = 10){0|
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Path integral representations

As usual (wick rotation) 5 = 7 = it, 7 = Euclidean time and
(B=1/T), Se = JJ Ledr.
e PH

~ | m &
10240 750" = 7% Tr e—BH

Matrix elements of p

/ Ui / /! 1 / — Ui
o 6") = 1910") = =g (@M1,
where  2(3) = [ da(ole |o).
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Rényi Entropies and Replica Trick

6. 6") = 2(9) [1do(y. IB(0(y,0) - )3(6y. 5) ~o")e 5%,
The Reduced density matrix
pald ") = 2(9)7 1000y, TB(6(yeA.0) — ¢)3(lyeA,6) ~ o)
3(p(yeA,0) — p(yeA, B))e % .

\ \ [0}

s \T
| [ & cuts | \ )
y
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Rényi Entropies and Replica Trick

All quantum entanglement n sheeted branch covering of RY
information p4 is encoded in
1 n !
Sn(A) = — InTrpj, ____}
with S(A) = limp_1 Sx(A). We |
need ¥
Tr pa 1
For instance

A(6.6) = / [d¢")[de"]
XpA(¢a ¢”)PA(¢H7 ¢”/)PA(¢W> ¢/)
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Replica Trick

Made n replicas of the fields
Related by

Oj(x, 7= B-) = djp1(x, 7 = 04)

with n+1=1, for xon A

We can interpret it as a single ¢ living in an n sheeted Riemann
surface R,,.

For free theories, move to its Fourier space

&k(x):\;Zezﬂijk/"qAﬁj(x), (k=1,...,n), and xeRY
j=1

for which the monodromy conditions read simply
Tk —2mik/n Tk
¢ (x,m=p-) = e TG (x, 7 = 04).
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In those cases
o= [ dixciol =3 [ @l )
Ran 1 /R?
If we denote the partition function on this geometry as Z,(A), then

Tr pi = Z,(A)/Z" and the Rény entropies are given by

_ InZ,(A)—ninZ
B 1—n

5n(A) ; (2)

Analytically continue to n =1 which leads to S(A)
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Duality

The Maxwell theory in 3 dimensions turns out to have a dual
description in terms of a compact free scalar

F,‘j = 6,‘jk8k¢.
The Maxwell equations for F and the Laplace equation ¢ are
related as ' _
OF; = - eud'dokp=0,
OiF =0 — V24 =0,
where

F* — 6Uk,_—jk
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SET UP AND RESULTS

Even though classically they match, the equivalence at a quantum
level is more subtle and just hold for both compact theories
2TR = g, where

¢p~¢+2nRn and Y ~¢Y+ m/R
where we have written the gauge transformation as
Ay~ AL+ 0oy

and therefore the non-compact limits are complementary
R — oo non-compact free scalar theory (IR)
1/R — oo non-compact free Maxwell theory (UV)
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@ The F function should interpolate between those cases. The
dimensionless relevant parameter is (27R)%rp = g%rp
@ Check the F theorem F(rp)
o The IR of Fis F = (In2)/8 — 3¢(3)/(1672)
[Klebanov,Pufu,Safdi-2011]
o In [Klebanov,Pufu,Sachdev,Safdi-2012],

Fss = % — % In(rsg?) (Fss = —In Zs3) similar to the UV of
F.

Cesar Alfonso Agén Mexicuerdas 2014



DITE[13%
Rényi entropies
Numerical extrapolation

SET UP AND RESULTS Determination of J(3)

Renyi entropies for a Maxwell Field

To perform our computation we will follow the replica trick

I[¢] = % / d*x0, 60" ¢

Due to SSB the fields get a definite value at infinity

The periodicity implies 0 = 2wnR for ¢

The computation of the path integral involves a sum over
winding sectors (Instanton sum)

Since the theory is free we can diagonalize the monodromy

Find the classical solutions for the action is equivalent to
solving for the capacity of an electrostatic system

(]
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Renyi entropies for a Maxwell Field

Asymptotic constant value at co, But since 0 = 27nR we have
different non-equivalent classical solutions

47R

27R 4
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We can visualize the different classical solutions by looking at the
topology of the Riemann surface

Figure: 3 sheeted surface representation of Trp?D and its topological
equivalent surface
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For n-sheets, then we will have n — 1 topological inequivalent
trajectories connecting the different infinities

Figure: 3 sphere without n-points
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For computational purposes (to evaluate the path integral) is
easier to consider that the scalar is not compact and evaluate the
action for all the possible asymptotic boundary conditions

47R

27R A
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@ Choosing
on — 0
we have that for the (n — 1) remaining sheets the field could
be
¢j — 27TRWJ'.
e Different classical sols will be ¢,,, with w = (w?,..., w"™1)
@ Therefore any field conf can be separated uniquely
O = Qg + d)qu
o Since I[¢] = 1 [ d®x0,00"¢ then I[pc] + [dqu]
Zir0) = [1801e 9 = Z3(0)Z00). ()
implies
Sn(rp) = S3"(rp) + S5'(rp) (4)
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The classical partition function involves the sum over all winding

numbers
ZNrp) = Y e 'l (5)

wezn-1

Since I[¢w] o (0idw)? and ¢y, ~ ¢y + 27 RN,
we can redefined a field ¢,, = 27R®,, and factorize (27 R)? from
I[éw], or r = (27 R)?rp and put the disk at rp = 1
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@ Going to the Fourier space

since ¢ — w;

@ Factorizing the asymptotic value of the fields, the action will

be
n—1 Kk
/[¢>W]—Z\"k! J Z wlwd M 1U=I0k/n (= )
JJ’k 1

where J(k/n) = 1 fd3X8 ¢k/n p@bk/n with qgk/” —1

Cesar Alfonso Agén Mexicuerdas 2014



Duality
Rényi entropies

SET UP AND RESULTS Num?ri%’ai :ha})}o\atri’on
Determination of J(3)

To find /[$w] we need to find the action J(k/n) of a free scalar ¢
with y
¢k/n —1

and monodromy
Q;k/n(x e D, 7= 0*) = e_2mlk/n¢~5k/n(x eD, 7= 0+) .

a7'¢’§k/n(X € D,T = 07) = 6_27rik/n87'§gk/n(x € DaT = 0+) .
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A small visualization for the boundary conditions
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@ We can write formal expressions for the classical Rényis

Z§(r) = O(irMy/m),  S(r) = L nO(irMy /),

(6)

where © is defined as

@(A) O‘A Z emA wiwd , (7)
wezZn— 1
and M, is given by
)y = 25 eontirwin by ©)
n

n
k=1
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Limiting values of S(r)

After some work we found that
J(k/n) =2n(1 —2k/n)tan(mk/n)

and with that S,(r) for n > 1. However it is not clear how to
obtain S;1(r).
e For large r, Sp(r) =~ Sh°(r), S(r) = $™°(r) and
In2  3¢(3)

F(r) ~ Fre — =
(r) 8 1672
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@ For small r,

Z(r Zexp< n)jj W WJ>%/d”_1w---

~ (r/m)="M/2(det M,)~1/2.

" ssoln(¥) s (D).

The limit n — 1 can be taken

2 3¢(3) 1 ~ 1
F(r)~ — — —+ - —=I
(N~% ~ T2 T2 T3 2N
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Numerical extrapolation

e We would like to obtain S,(r) for n = 1. But that implies
limy—1 ©(irM,/m) with (M, a (n — 1) x (n — 1) matrix).

e We propose a rational interpolation of order (p, q), and tested
with So(r)

o We also reproduce the constant piece s; of the UV limit of

5(r)
e Writing AS,(r) ~ % Inr+s,, spn=3In%4 nil In (Li))

N
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51 error

0.01

0.001

104

1075

Figure: Absolute value of the error in the predicted value of s; from (top
curve) degree 2p polynomial interpolating functions and (bottom curve)
degree (p, p) rational interpolating functions, taking as input the values
of s, forn=2,...,2p+ 2.
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-05

Figure: AS,(r) = S¢i(r) for n = 1,2,3,4 (bottom to top);
AS(r) = Sf/(r) is obtained by the rational extrapolation method.
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Figure: AF(r) = F(r), calculated from AS(r) = Si(r).
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@ It might be useful for other cases in particular the two disjoint
interval case of a free compact boson [Calabrese, Cardy and
Tonni-2009]
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Determination of J([3)

J(B) we want to compute the action of a single field that
asymptotes to 1 at infinity and has the monodromy

dlx e D,7=0_) = e 2™Pp(xeD,7=0y).
Drp(x e D, 7 =0_) = e P9 p(xe D,7=0,). (9)

The action turns out to be given by
1
S[¢] = 2/d2x hY2nt¢* 8,6 . (10)
0

Here h is the determinant of the induced metric on the surface and
n* is an outward-directed normal vector.
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Due to the geometry of the problem, it turns out to be convenient
to use oblate spheroidal coordinates (¢, 7, ¢)
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The general solution of the field

$(Cm) =1—1Y_ aQ(i¢)Pi(n), (11)

/=0

and the action is completely determined by the first coefficient of
the previous solution, namely

J(B) =2mco . (12)

We need to find ¢
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Aceven = b, Coven = A7Lh. (13)

We can define a projector vector (u); = djo
and get ¢ = uT A71h.
The precise solution J(3) is

J(B)=4uT (1+X2T) " u. (14)

where A\ = cotw3, and T is

2021+ )5S + v+ 5) — (350 — v+ §)]
Ty = ()22 (1 — (1 + 1+ 1)
() -n(+3) .,
- (" =1

(15)

(with /, /" even).
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@ Exploring A\ = 0 the first few coefficients (k = 0,1 analytically
and k > 1 numerically) agree with

1 arctan A
Tk, _ T 21, _
u Tu—2k+1 leadsto u' (I4+XT) u= N
(16)
and implies the answer
J(B) =27(1 — 28) tan(w ). (17)

@ Around A — oo the coefficients diverge
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01 0.2 03 04 05

Figure: J(3), analytic result (top curve) and from numerical inversion of
truncated matrices for d = 2, 8,32,128, 512, 2048.
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Future Work

@ Study other 3d flows i.e Maxwell + CS theory

@ Generalize to compact scalar in higher dimensions which
would be dual to higher dimensional gauge theories

o Apply this to Yang-Mills theory
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THANKS
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