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Holographic Entanglement entropy
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Covariant prescription

Hubeny, Rangamani, Takayanagi 07
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HOLOGRAPHIC THERMALIZATION,BALASUBRAMANIAN ET AL

ENTANGLEMENT ENTROPY IN ADS-RN-VAIDYA

Motivation : QGP
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I Goal: study QGP at times τdeco < τ < τtherm using AdS/CFT
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Balasubramanian et al
Use Vaidya model (null dust) to calculate holographic thermalization
time

dS2 =
1

z2
[−(1−m(v)zd)dv2 − 2dzdv+ dx̄2]

m(v) arbitrarty
Example : m(v) = M

2 (1+ tanh( vv0 )
Interpolates between AdS and AdS-Schwarzschild
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Signals:
I τtherm

<
∼ .7− 1fm/c

I Linear growth of the entropy
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Introducing a chemical potential

I Need bckgd that interpolates between AdS and
AdS-Reissner-Nordström black hole

I Solution to Einstein-Maxwell gravity + Charged null dust

Rµν −
1

2
(R− 2Λ)gµν − g

αβFµαFνβ +
1

4
gµνF

2 = 2κT extµν

∂α[−
√
−ggµαgνσFµν] = J

σ
ext
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Ansatz,

ds2 =
1

z2
(−f(z, v)dv2 − 2dvdz+ dx̄2)

Explicit form of f(z, v), Tµν, Jσ depend on d
d = 2, d = 3
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In d = 4,

ds2 =
1

z2

(
−f(z, v)dv2 − 2dvdz+ d~x2

)
, Av = q(v)z

2 ,

f(z, v) = 1−m(v)z4 +
2q(v)2

3
z6

κJ
µ
ext = 2

dq

dv
δµz , 2κT ext

µν = z3
(
3

2

dm

dv
− 2 z2q(v)

dq

dv

)
δµvδµv .

E. Cáceres (UCol / UT-Austin) 10



Any m(v),q(v).
d = 4, take,

m(v) =
M

2
(1+ tanh

v

v0
) q2(v) = Q2m(v)3/2
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CALCULATION OF EE, RECTANGULAR REGION

Extremize

Vol =

∫ `/2
`/2

dx

z3
(1− f(z, v)v ′2 − 2v ′z ′)1/2

Boundary conditions

z(0) = z∗ z ′(0) = 0
v(0) = v∗ v ′(0) = 0

(z∗, v∗) determine a solution z(x), v(x). Then

z(`/2) = z0
v(`/2) = tE. Cáceres (UCol / UT-Austin) 12
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Thermalization time

τcritical, time for the geodesic to graze the shell at v = 0,
τcrit =

∫z∗
z0

dz
f(z)
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I Thermalization time from UV to IR
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τcritical AS FUNCTION OF µ/T
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I 4πT` = 0.5
I Non monotonic behavior for T` << 1
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STRONG SUBADDITIVITY AND NULL ENERGY CONDITION

Holographic Entanglement Entropy (HEE) in static backgrounds
always satisfies SSA.

S(A∪ B∪C) + S(B) ≤ S(A∪ B) + S(B∪C)

Proof does not go through in time dependent backgrounds
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SSA is a fundamental property. What does it correspond in the
bulk? What is violated in the bulk when SSA does not hold?

I If S(l) is a concave function of l then SSA is satisfied. Callan,
He, Headrick; Allais, Tonni.

Experimental :
Tµν =

dm
dv > 0→ S(l) is concave and SSA is OK

Tµν =
dm
dv < 0→ S(l) is NOT concave, SSA is violated

E. Cáceres (UCol / UT-Austin) 17



Null Energy Condition requires Tµν > 0

SSA⇔ NEC ?
Proof for time dep. background : A. Wall Proof does not apply to

spaces with event horizons

AdS-RN-Vaidya

ds2 =
1

z2
(−f(z, v)dv− 2dzdv+ dx2)

f(z, v) = 1−m(v)z3 +
q(v)2

2
z4 ⇒ Tvv ∼ z

3(
dm

dv
− q(v)

dq

dv
z)

∃ critical surface zc = dm/dv
q dq/dv

AdS-RN-Vaidya: non-trivial test of SSA↔ NEC
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BACKGROUNDS THAT RESPECT SSA
In graphsm(v), q(v) red curve is charge, black curve is mass. Different combinations of tanh(v).
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BACKGROUNDS THAT VIOLATE SSA
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I SSA constrains geometry
I When SSA is OK

1. Crit. sfce. is behind the apparent horizon zc > zah.
2. Diagnostic function,

TD = −
df

dz

∣∣∣
z=ah

> 0

E. Cáceres (UCol / UT-Austin) 22



COLLAPSE OF NEUTRAL SCALAR, WEAK FIELD LIMIT

(WORK IN PROGRESS)

Motivation: how far can Vaidya get us?
I Initial state:black hole with Mi, Q
I Poincare patch
I Collapse of non-minimally coupled neutral scalar
I Final state: Mf, Q
I Vaidya to first order en ε

E. Cáceres (UCol / UT-Austin) 23



Non- minimally coupled massless scalar, Einstein-Maxwell gravity,
Λ < 0, D = 4

S =

∫
d4x
√
g(R+Λ+−

1

4
h(φ)FµνF

µν 1

2
(∂φ)2)

Ansatz,

ds2 = −2dzdv− g(z, v)dv2 + f(z, v)2dx̄2

φ(z, v)

(z, v) Eddington-Finkelstein coordinates

E. Cáceres (UCol / UT-Austin) 24



AdS-RN initial condition,

φ(z, v) = 0, v < 0

f(z, v) =
1

z
, v < 0

g(z, v) =
1

z2
+Miε

2
1z
3 +

Q2

2
ε41z

4, v < 0

at the boundary,

lim
z→0φ(z, v) =


0 v < 0

φ0(v) ε 0 < v < δt

0 v > 0

v

Φ 0H x L
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Dilaton pulse, coupling quench

f(z, v) =
∞∑
n=0

fn(z, v) εn

g(z, v) =
∞∑
n=0

gn(z, v) εn

Φ(z, v) =
∞∑
n=0

φn(z, v) εn

A(z, v) =
∞∑
n=0

An(z, v) εn
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z→ 0 boundary conditions,

f(z, v) =
1

z
(1+O(z2))

g(z, v)
1

z2
(1+O(z2))

Φ(z, v) = φ0(v) +O(z)
A(z, v) = µ+O(z)
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initial conditions 0 < v,

f0(z, v) =
1

z

g0(z, v) =
1

z2
−Mε21z+

Q2

2
ε41z

2

Φ0(z, v) = 0
A0(z, v) = µiε1 −Qε1z

One more thing : ε ∼ ε1
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Solve order by order in ε,

g(z, v) =
1

z2
−Mizε

2
1 +

Q2

2
z2ε41 +

(
zC2(v) −

3

4
φ ′0(v)

2 −
Mi

12
z3φ ′0(v)

2ε21

)
ε2

+

(
zC4(v) +

z2

24
(12P(v)φ ′0(v) −φ

′
0(v)

4)+

z3

24
(2C2(v)φ

′
0(v)

2 − 2φ ′0(v)P
′(v) + 6P(v)φ ′′0 (v)

)
ε4 +O(ε6)

f(z, v) =
1

z
−
1

8
z2φ ′0(v)ε

2 +
z3

384
(−48P(v)φ ′0(v) +φ

′
0(v)

4)ε4 +O(ε6)

Φ(z, v) = (φ0(v) + zφ
′
0(v))ε+ z

3P(v)ε3 +O(ε5)

A(z, v) = (Qz+ µ)ε21 + a1(v)ε+
ε2ε21Q

12
(z3φ ′0(v)

22(1− 2h ′′(0))

−6Qz2φ0(v)φ
′
0(v)h

′′(0)) + zQa4(v)ε
2
1ε
4 + . . .
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where,

C2(v) = −

∫ v
−∞φ ′0(x)φ ′′′0 (x)dx

C4(v) =

∫ v
−∞φ ′0(x)

(
−φ ′0(x)

3 +

∫x
−∞ B(y)dy

)
B(x) = φ ′0(x)(C2(x) +φ

′
0(x)φ

′′
0 (x)

P(v) = −ε21

∫ v
−∞(Mφ ′0(x) +B(x))dx

a4(v) = . . .

E. Cáceres (UCol / UT-Austin) 30



Final state:

g(z, v) =
1

z2
− z(Mε21 +C2(v)ε

2 +C4(v)ε
4) +

Q2

2
z2ε41 + . . .

f(z, v) =
1

z
+O(ε6)

Φ(z, v) = z3P(v)ε3 +O(ε5)
A(z, v) = µf + (Qz+ µ)ε21 − zε

2
1ε
4Qa4(v) + . . .

metric to order ε4 is Vaidya type
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Analytic structure

φ2n+1(z, v) =
2n−2∑
k=0

ε2n+1φk2n+1(v)z
2n+1−k

For n ≥ 2, φk2n+1(v) are polynomials whose degree increases with
n.
Perturbation theory breaks down (v ∼ δt

ε

2/3
), ressumation.
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Initial and final state thermodynamics,

Ti =
3ε2/3m̃1/3

0

4π

(
1−

ε4/3c2

3m̃4/3
0 h(0)

)
, µi = −

ε4/3c

m̃1/3
0 h(0)

(
1+

ε4/3c2

6m̃4/3
0 h(0)

)
.

|c|max =

√
3h(0)m̃2/3

0

ε2/3 ' 8.04 ,

Tf ≡
1

Tf
=
3ε2/3m̃1/3

1

4π

(
1−

ε4/3c2

3m̃4/3
1 h(0)

)

µf = −
ε4/3c

m̃1/3
1 h(0)

(
1+

ε4/3c2

6m̃4/3
1 h(0)

)
,
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Thermalization
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FINITE VOLUME EFFECTS

I Most of the work done has been done in Poincare patch
I 1312.6887, Hubeny and Maxfield

I small black holes, entire spacetime is accesible
I large black holes, exists region that cannot be reached by

boundaray anchored geodesics
I geodesic length is neither monotonic nor contiuos
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AdS black hole in global coordinates. BTZ

ds2 = −f(r)dt2 +
dr2

f(r)
+ r2 dθ2 f(r) = r2 − r2+ T =

r+

2π

2 branches of geodesics,

E. Cáceres (UCol / UT-Austin) 36



M1(ϑ) :

{
(r, θ) : r = γ(θ, ϑ, r+) ≡ r+

(
1−

cosh2(r+ θ)
cosh2(r+ ϑ/2)

)− 12 }
,

M2(ϑ) :

{
(r, θ) : r = r+ ∪ r = γ(θ, 2π− ϑ, r+)

}
.

SA = min
{

Area(M1)

4G
(3)
N

,
Area(M2)

4G
(3)
N

}
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θ
χ∞: exchange of dominance,

θχ∞(r+) =
1

r+
coth−1(2coth(πr+) − 1)

Entanglement entropy: continuous but not differentiable
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S
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Time evolution of EE in global AdS, much richer arXiv:1312.6887
Hubeny, Maxfield
Time evolution of mutual information?

I(A,B) = SA + SB − SA∪B

First static:

SA∪B?

E. Cáceres (UCol / UT-Austin) 39



Possible minimal surfaces for region A∪ B for 2ϑ1 + ϑ2 ≤ π. The entropies
of these configurations are 2S(ϑ1) and S(2ϑ1 + ϑ2) + S(ϑ2), respectively.
All the surfaces belong to the family M1.
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Possible minimal surfaces for region A∪ B for π ≤ 2ϑ1 + ϑ2 ≤ ϑχ. The
entropies of these configurations are 2S(ϑ1), S(2ϑ1 + ϑ2) + S(ϑ2) and
S(ϑ2) + S(ϑ̃2) + SH, from left to right, respectively.
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Possible minimal surfaces for region A∪ B for ϑχ ≤ 2ϑ1 + ϑ2 ≤ 2π. For this
range of parameters, the third option to the right will replace the
second one, given that the disconnected surface will have less area
and hence S(2ϑ1 + ϑ2) must be computed from M2 solution.
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CONCLUSIONS AND FUTURE DIRECTIONS

I Charge and time dependence, interesting arena for many
non-trivial checks of HEE

I Non-monotonic behavior of thermalization time
I SSA↔ NEC

I Weak field limit collapse of a scalar; thermal quench with
charge density

I Time evolution of MI, phase structure
I To do:

I charged scalar collapse, weak field limit, small phase and
small norm

I charged scalar collapse or thermal quench in global AdS
I full collapse of charged scalar –numerical
I time evolution of mutual information in global
I time dependent higher derivatives
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Concavity of S(l)↔ SSA
Let a, b c be the lengths of A, B, C (so
S(A) = s(a), S(A∪ B) = s(a+ b), etc). Let y = c

a+c ,

a+ b = y b+ (1− y)(a+ b+ c) b+ c = (1− y)b+ y(a+ b+ c)

If s is concave, since 0 < y < 1

s(a+ b) ≥ ys(b) + (1− y)s(a+ b+ c) s(b+ c) ≥ (1− y)s(b) + ys(a+ b+ c)

→ s(a+ b) + s(b+ c) ≥ s(a+ b+ c) + s(b)
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CALCULATION OF EE, RECTANGULAR REGION

Vol =

∫ `/2
`/2

dx

z3
(1− f(z, v)v ′2 − 2v ′z ′)1/2

x indep. 1− f(z, v)v ′2 − 2v ′z ′ = ( z∗z )
6

eom 1 z ′′ + f(z, v) + ∂zfz ′v ′ + v ′2

2 ∂vf = 0

eom 2 zv ′′ + 6v ′z ′ − 3+ v ′2(3f− 1
2z∂vf) = 0
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In d = 2,

ds2 =
L2

z2

(
−f(z, v)dv2 − 2dvdz+ dx2

)
, Av = q(v) log z ,

f(z, v) = 1−m(v)z2 +
q(v)2

L2
z2 log z , Λ = −

1

L2
,

2κT ext
µν =

1

2
z

(
dm

dv
−
2

L2
log(z)q(v)

dq

dv

)
δµvδνv , κJ

µ
ext =

1

L

dq

dv
δµz
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In d = 3,

ds2 =
L2

z2

(
−f(z, v)dv2 − 2dvdz+ d~x2

)
, Av = q(v)z ,

f(z, v) = 1−m(v)z3 +
q(v)2

2L2
z4 , Λ = −

3

L2
,

κJ
µ
ext =

dq

dv
δµz , 2κT ext

µν = z2
[
dm

dv
−
z

L2
q(v)

dq

dv

]
δµvδνv

d = 4
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THERMALIZATION : RESULTS

τ1/2, time for the entanglement entropy to reach 1/2 of its
maximum value
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Apparent horizon, boundary of a trapped surface

I S : codimension 2 surface embeded in a constant t slice
I Incoming and outgoing null geodesics normal to S,

Nin = ∂z Nout = ∂v +
1

2
gvv∂z

I S is an apparent horizon if the Θ expansion of outgoing null
geodesics is zero, Θout = 0.

Θout = g̃µν∇µNoutν

= (gµν +NµinN
ν
out +N

µ
outN

ν
in)∇µNoutν

For µ = 0, Θout = d−1
2 (1/z−m(v)zd−1)⇒ zh = m(v)−1/d
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I Long wave approx. Fluid/gravity duality

k = `mfp/L
graph from Hubeny and Rangamani,

1006.3675
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