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Motivations

» Entanglement entropy is a quantity of great interest in quantum
field theory. The holographic prescription for it, provides us with a
relation between the entanglement properties of a quantum theory
and geometric quantities in its gravity dual.

» It is well understood how to calculate this quantity in Einstein
gravity, and even in higher order derivative theories, such as
Lovelock gravity. However, there are very few examples of how this
works when we couple the theory non-minimally with some matter
field.

» We would like to find the holographic dual for a particular solution
to a theory which contains higher order terms as well as non
minimal couplings to a scalar field. This solution is a 5-dimensional
spherical hairy black hole. We hope the entanglement entropy would
help us to characterize the properties of this dual.



Entanglement entropy (EE)

The Von Neumann entropy asociated to the reduced density matrix:
pa= Trg p for H=Ha® Hpg (1)

is the entanglement entropy of the subsystem A:

Sa = —Tr(palogpa) (2)
(@ : , ®) :
Spin Chain Quantum Field Theory
b4
Y




Replica method

The entanglement entropy satisfies the following identity:
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where the S, are the Renyi entropies.

For n =1, we can calculate Tr[pa]

using the following: ol i T
T=00
Tilpal = 271 [ DgeSeléto) —
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For arbitrary n, we can construct n copies of the manifold and
the fields, meaning:

[pZ] = [PA]¢1+¢1, [PA]¢2+¢>2, "'[pA]¢n+¢n— (4)



Replica method

Joining these copies by means of the boundary conditions:

$;(07,x) = ¢j41(07,x) x€A
$;(07,x) =¢;(07,x) x€B

We can interpret this as integrating over a n-sheeted
Riemannian manifold, M,,.
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[Calabrese, Cardy]



Holographic entanglement entropy

The AdS/CFT correspondence provides us with
a prescription to obtain Sy from the (Einstein)
gravity theory:

_ Area(Y) 1 d1
T —4G/d xVh|  (6)

[Ryu, Takayanagi]

Y is the codimension 2 surface,
homologous to the region A, which
minimizes the functional S,4.
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» What happens if the gravity theory is not Einstein?




Generalized gravitational entropy

Consider a theory which has a CFT on M, as holographic boundary. We
call this manifold B,,. Using the AdS/CFT dictionary we can write the

corresponding action as:

I[Bn] = —log(Z[M,]) = —log Z, (7)

B, can be constructed by gluing n “
copies of the original manifold around a @ n=1 i
periodic coordinate. Taking the ~

I /

quotient with the symmetry group Z,,
we obtain an orbifold B,, which has a
period 27 (instead of 27n):

B,==" = I[B)])=nl[B)]




Squashed cone method

Then:

n

Sa = Iim

n—=1n—1 (/[B"] B I[Bﬂ) = 0nl[Bal],—,

[Lewkowycz, Maldacena]

Due to the induced conical singularity on the orbifold, we must
regularize this geometry:

Sa=—ndp[(InZy —InZ°F) — (I Z°% —InZM)]=1  (8)

where Z° corresponds to the manifold which regularizes B, by
substituting the tip of the cone with a regular function at r = a.
The second term vanishes, and we end up with:

SA = 8,,/[3,,””:1 = a€l[Bn”E:0 (9)

where e =1 — n~ L.



Squashed cone method

To obtain explicitly the terms in this last derivative, we expand the
metric of the cone using € as an expansion parameter, and
switching to the normal complex coordinates (z, Z) we have:

ds® = eAdzdz + A T(2dz — zd2)?] + (g + 2Kajx°
+ Qupjx°xP)dy'dy! + 2ie*A(U; + V,ix®)(2dz — zdZ)dy' + ...,

(10)
where ¢ ¢ [Dong]
A= log(z2) = — log(p? + a°) (11)
Some of the order one terms constructed with this metric are:
R ~ 4mee2A6%(2,2), Ry~ — Ky, Ros~ ——Ks, (12)
z

and . .
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Example: Einstein Gravity

We start with the Einstein-Hilbert action in 4-dim:

1
Iy = d* R 14
EH 167Gy / X\/E (14)

Recall that

Sa = 0c((Ien)n)le=o0,
so we must consider only linear terms in e-expansion of the metric.
Using also the expression for the order one term in the determinant
of the metric \/g we have:

de _ _
e~ 1ore [ d'xvE 26245z, 2)

2 2A —2A2 € 2
4GN/dzdzd ( Vh)2e 245%(z,2) = GN/d yVh
Then:
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Example withn non-minimally coupled matter

» ¢°R theory

It is known that a minimal coupling term, such as 9,,¢0"¢ for a
scalar field ¢, do not contribute to S [Lewkowycz, Maldacena].
For a non-minimal coupling term we can expand ¢, as we did for
the metric:

¢ = + ¢,z + $37 + $2° + ¢332 + bo2(22) " + ... (15)
We can consider a non-minimal coupling of the type:
lyer = len + A / d*x\/g$’R

Following the same steps as in in the previous example, and taking
¢ at order zero in the expansion, it is easy to check that:

0 [ dxd® 2y (VB) (6) V2026 P re 5 x4, )
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Higher order theories: Camps-Dong prescription

What about higher order theories such as Lovelock?

Let us consider a general gravity theory of the form:

| = / dPx\/gL(Ruurp),

Using the squashed cone method, we can obtain the following

formula:
Wald “Anomaly”
oL 9L KiK.
—9 D-2, /h zij Rz ki
SA g / d yf{ aRZfo * ; <8RzizjaRZkfl>a Ga + 1 }’

[Camps, Dong]
where K is the extrinsic curvature tensor. The second
(anomalous) term comes from a quadratic term in € which is
promoted to a linear term after integration.



Example: Lovelock gravity

For an integer k we construct the scalar:

RUD = 621G 02 g Roshe - Raghe (16)
And the Lovelock action in D dimensions with coupling constants
Q is:
(251 1
I ovelock —/ d°xv-g > ?akR(k) + Ig; (17)
M k=0 [Lovelock]

> This is the most general pure gravity theory with vanishing
torsion whose fields equations are given by a rank-2 symmetric
tensor, and of second order in the metric g.

Applying the Camps-Dong formula to this action, we obtain the

entanglement entropy functional:

S, — 9 dD—2 \/E k 5alﬁl-~~ak715k71R vy g Hk-1Vk-1
A = T y 2k—2 Hiviefk—1Vk—1 "Vay By Vag18k—1

'Dong]



Lovelock gravity conformally coupled to matter

We can couple matter to the Lovelock theory, by defining the
following tensor:

4 a 4(1 — 2
S.3b = ¢2R 2b +g¢ 5[ VvVl + ( )5[v AV )
2 slag ”]v A

2 [C [Oliva, Ray]

where ¢ is a scalar field, and s is the conformal weight. Considering
an additional set of coupling constants S, the action reads:

(551
lle.o) = [ d°x V=g Y gp(onR®) +poms®). (19)
k=0

2k(1—s)—D

where m, = S



Lovelock gravity conformally coupled to matter

By conformal, we mean that g, — eZQgW, & — ¢ has the
only effect of changing S, — e2(-15, M

The resulting equation of motion for the metric is:

(23] 3
_ k my calbl...akbk Cldl dek
Tab = 8eb Z 2k+1¢ 53C1d1---ckdk Salbl'”sakbk’ (20)
k=0

and for the scalar field:

(274

(2k — D)Bk  my—1 ccrdr...cdi ccid d
D R M ST S =0 (21)
k=0

In D =5, choosing s = —1/5 and setting ap = 0, the action reads:

A R
/ _ 5, = 25 13
g.0] = | & V£ (g + e + 00 + i

+ 520 (SaaabSHP — 45,557 + 52) ).




Black Hole solution

There is an analytical solution to this theory which is valid under
the following conditions:

» Static and spherically symmetric
» Arbitrary sign of the cosmological constant

> A set of constraints over the coupling constants

In D =5, and choosing s = —1/5 we have:

2 4 -1
9 by 67TGN6b1( 8ﬁ)3/2

Qo = 5 by

_9b1 _ —7123@ 1/10
~ 10by’ 6 N=e( )

b
2 5 b

)

and the solution is:

ds® = —F(r)dt® + F~1(r)dr* + r’d¥3

i G

F(r):]. r27r73+I727 Qb(r):ﬁ




HEE functional for Lovelock theory with conformal
couplings

The Lagrangian for this theory can be written in the following form:

E(g;wa ¢) = Eg(R;u/p)\) + 'Cm(suup)\)7

where L, is the usual gravity part of the action, and £, depends
linearly on RW’))‘, as well as on ¢. Schematically, we can write

A 2 A A
P =¢?R, N+ D, 0)
where
o 7= gq%%a Vb]¢+ 41 - )5[av ¢Vb ¢_f(5[a b]v“¢V#¢.

Applying the Camps-Dong formula, we can calculate the
contribution of the matter part to the HEE functional as:

%L K,ii K5
_ D—-2 2 2 m zijN\zkl
Sm =2 / d f ¢ {aszzzz * ¢ za: (aSzizjaSEkfl)a o + 1 }




Calculation of HEE functional by the Camps-Dong formula

The matter part of the Lagrangian for D =5 is:
Lm = bod™ + b1¢™S + by™ (5% — 45,5 + 5,2, S )

Having this Lagrangian, we can obtain the corresponding

contribution to S4. First we evaluate the derivatives respect to
A
St

OLm
852222

= 2[ b1 +br0™ (62(2R—4R%, 2R, +20— 407,120, )|

0?Lm

T K,iiKs = 2byp™ | 2K, K — 2K, K3
0S50Sz /oK = 220 2% i)



Result

Inserting these results in the Camps-Dong formula, and defining
a(s) and b(s) as certain numerical factors, we can write:

Area

Si=
AT 4Gy

+ Sm,
where:
Sy = Ar / d3yvh [bl¢ml+2 + by (R¢™ ™ + a(s) ¢™2h19;0;¢
. 12
+ b(s) 9™ 2hT 00060 — 5 6™HV.0V0) .
s
Having the explicit form of the coefficients, we recognize the

second, third and fourth terms as the terms appearing in the
intrinsic S-tensor, defined on the codim-2 surface, so:

Sp = dr / &y P 2VR(B16™ 2 + byg™ (8 — 3 Va6V36)




Calculation by the squashed cone method
Alternatively, we can use explicitly the squashed cone method.
First expand the Lagrangian in terms of Rﬁl)) and ¢, and look for

those terms in the action which are proportional to ¢ after
integration respect to the transverse coordinates:

Ik x B /M &Pxv/ g $°R, (22)

1
oo [ /=g (Ruv-+ gomR) V70VP0, (23)
<o | dPx/g Gup 897V, (24)
M
log o B | d*xy/~g 0° (ReaaR™ — 4RsR® + ), (25)
M

= b2 / Pxv/"g ( A ARAG G f(aﬂbf) (26)



Calculation by the squashed cone method

The result using this method is:

24
Sp = dr / &y O VR (b6 4 o™ (S + 2V ,6V20)

Note that the coefficients of the last term, obtained by the
Camps-Dong formula, and by the squashed cone method are not
the same.

What is wrong?
The reason is that the Camps-Dong formula does not consider

possible anomalous terms coming from the terms in the
Lagrangian which only contain the scalar field an its derivatives.



Anomalous contribution from the scalar field

In fact, the term in the action which contributes to S,,, and only
depends on derivatives of the scalar field has a quadratic
dependence on e which is promoted to a linear one, exactly as in
the gravity case which gives rise to the term

0°L Kyii Kzi
dD 2 h zy"\z
/ y\[z <8R21218Rzkzl)a Ao +1

For this particular case, we can match the two results if we add the
following term to the Camps-Dong formula:

0L
(V:V:9) 0(V:Vz0)

SAnomalyMatter =27 / dD_zy\/E < VZ¢VZ¢>

(27)
We conjecture that this is the correction to the Camps-Dong
formula corresponding to a general gravity theory depending only

on the Riemmann tensor, and non-minimally coupled with a scalar
field.



Future work

» It remains to be determined if SanomalyMatter is the only
anomalous contribution that appears when we couple a scalar
field to a gravity theory, or in any other case, to find those
other contributions.

» The anomalous term consists of an infinite expansion at
n > 1.This is dubbed as the splitting problem. To write this
contribution explicitly in terms of the field and its derivatives
at n =1, we have to solve the most divergent part of the
equations of motion.

» Finally we would like to probe that the codimension-2 surface
in which this functional has to be evaluated is obtained by
minimization of the same. For this, we have to extract the
divergences in the equations of motion for the theory. Having
the explicit form of the HEE functional, we can evaluate the
entanglement entropy for the quantum dual of the
5-dimensional black hole reviewed previously.



