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Motivations

I Entanglement entropy is a quantity of great interest in quantum
field theory. The holographic prescription for it, provides us with a
relation between the entanglement properties of a quantum theory
and geometric quantities in its gravity dual.

I It is well understood how to calculate this quantity in Einstein
gravity, and even in higher order derivative theories, such as
Lovelock gravity. However, there are very few examples of how this
works when we couple the theory non-minimally with some matter
field.

I We would like to find the holographic dual for a particular solution
to a theory which contains higher order terms as well as non
minimal couplings to a scalar field. This solution is a 5-dimensional
spherical hairy black hole. We hope the entanglement entropy would
help us to characterize the properties of this dual.



Entanglement entropy (EE)

The Von Neumann entropy asociated to the reduced density matrix:

ρA = TrB ρ for H = HA ⊗HB (1)

is the entanglement entropy of the subsystem A:

SA = −Tr(ρA log ρA) (2)



Replica method

The entanglement entropy satisfies the following identity:

SA = ĺım
n→1

Sn ≡ ĺım
n→1

Tr [ρA]n − 1

1− n
= − ∂

∂n
logTr [ρn

A]|n=1 (3)

where the Sn are the Renyi entropies.

For n = 1, we can calculate Tr [ρA]
using the following:

Tr [ρA] = Z−1

∫ τ=∞

τ=−∞
Dφe−SE [φ(x)]

For arbitrary n, we can construct n copies of the manifold and
the fields, meaning:

[ρn
A] = [ρA]φ1+φ1− [ρA]φ2+φ2− ...[ρA]φn+φn− (4)



Replica method

Joining these copies by means of the boundary conditions:

φj (0+, x) = φj+1(0−, x) x ∈ A

φj (0+, x) = φj (0−, x) x ∈ B
(5)

We can interpret this as integrating over a n-sheeted
Riemannian manifold, Mn.

TrA ρn
A =

1

(Z )n

∫
(t,x)∈Mn

Dφ eSn[φ]

≡ Zn

(Z )n

SA = − ĺım
n→1

1

n − 1
(logZn − n log(Z1)n)

[Calabrese, Cardy]



Holographic entanglement entropy

Σ is the codimension 2 surface,
homologous to the region A, which
minimizes the functional SA.

I What happens if the gravity theory is not Einstein?

The AdS/CFT correspondence provides us with
a prescription to obtain SA from the (Einstein)
gravity theory:

SA =
Area(Σ)

4G
=

1

4G

∫
dd−1x

√
h (6)

[Ryu, Takayanagi]



Generalized gravitational entropy

Consider a theory which has a CFT on Mn as holographic boundary. We
call this manifold Bn. Using the AdS/CFT dictionary we can write the
corresponding action as:

I [Bn] = − log(Z [Mn]) ≡ − log Zn (7)

Bn can be constructed by gluing n
copies of the original manifold around a
periodic coordinate. Taking the
quotient with the symmetry group Zn,
we obtain an orbifold B̂n, which has a
period 2π (instead of 2πn):

B̂n =
Bn

Zn
=⇒ I [B̂n] = nI [Bn]



Squashed cone method

Then:

SA = ĺım
n→1

n

n − 1

(
I [B̂n]− I [B̂1]

)
= ∂nI [B̂n]

∣∣
n=1

Due to the induced conical singularity on the orbifold, we must
regularize this geometry:

SA = −n∂n[(lnZn − lnZ off
n )− (lnZ off

n − lnZn
1 )]n=1 (8)

where Z off
n corresponds to the manifold which regularizes B̂n, by

substituting the tip of the cone with a regular function at r = a.
The second term vanishes, and we end up with:

SA = ∂nI [B̂n]
∣∣
n=1

= ∂εI [Bn]|ε=0 (9)

where ε = 1− n−1.

[Lewkowycz, Maldacena]



Squashed cone method

To obtain explicitly the terms in this last derivative, we expand the
metric of the cone using ε as an expansion parameter, and
switching to the normal complex coordinates (z , z̄) we have:

ds2 = e2A[dzdz̄ + e2AT (z̄dz − zdz̄)2] + (gij + 2Kaijx
a

+ Qabijx
axb)dy idy j + 2ie2A(Ui + Vaix

a)(z̄dz − zdz̄)dy i + ...,
(10)

where
A = − ε

2
log(zz̄) = − ε

2
log(ρ2 + a2) (11)

Some of the order one terms constructed with this metric are:

R ∼ 4πεe−2Aδ2(z , z̄), Rzz ∼ −
ε

z
Kz , Rz̄ z̄ ∼ −

ε

z̄
Kz̄ , (12)

and
Rzz̄ ∼ πεδ2(z , z̄), Γz

zz ∼ −
ε

z
, Γz̄

z̄ z̄ ∼ −
ε

z̄
(13)

[Dong]



Example: Einstein Gravity

We start with the Einstein-Hilbert action in 4-dim:

IEH =
1

16πGN

∫
d4x
√
gR (14)

Recall that
SA = ∂ε((IEH)n)|ε=0,

so we must consider only linear terms in ε-expansion of the metric.
Using also the expression for the order one term in the determinant
of the metric

√
g we have:

(IEH)n ∼
4πε

16πGN

∫
d4x
√
g 2e−2Aδ2(z , z̄)

=
ε

4GN

∫
dzdz̄d2y

(1

2
e2A
√
h
)
2e−2Aδ2(z , z̄) =

ε

4GN

∫
d2y
√
h

Then:

SA =
1

4GN

∫
d2y
√
h =

Area

4GN



Example withn non-minimally coupled matter

I φ2R theory

It is known that a minimal coupling term, such as ∂µφ∂
µφ for a

scalar field φ, do not contribute to SA [Lewkowycz, Maldacena].
For a non-minimal coupling term we can expand φ, as we did for
the metric:

φ = φ(o) + φzz + φz̄ z̄ + φzzz
2 + φz̄ z̄ z̄

2 + φzz̄ (zz̄)1−ε + ... (15)

We can consider a non-minimal coupling of the type:

Iφ2R = IEH + λ

∫
d4x
√
gφ2R

Following the same steps as in in the previous example, and taking
φ at order zero in the expansion, it is easy to check that:

SA =
Area

4GN
+ λ

∫
d2xdd−2y (

√
g) (φ2)(0)2(2e−2A)2(πe2Aδ(2)(x1, x2))

=
1

4GN

∫
dd−2y

√
h(1 + 16πGNφ

2 )



Higher order theories: Camps-Dong prescription

What about higher order theories such as Lovelock?

Let us consider a general gravity theory of the form:

I =

∫
dDx
√
gL(Rµνλρ),

Using the squashed cone method, we can obtain the following
formula:

SA = 2π

∫
dD−2y

√
h
{ Wald︷ ︸︸ ︷

∂L
∂Rzz̄zz̄

+

“Anomaly”︷ ︸︸ ︷∑
α

(
∂2L

∂Rzizj∂Rz̄kz̄ l

)
α

KzijKz̄kl

qα + 1

}
,

where Kaij is the extrinsic curvature tensor. The second
(anomalous) term comes from a quadratic term in ε which is
promoted to a linear term after integration.

[Camps, Dong]



Example: Lovelock gravity

For an integer k we construct the scalar:

R(k) = δa1b1...
c1d1...

δak bk
ck dk

R c1d1
a1b1

...R ck dk
ak bk

(16)

And the Lovelock action in D dimensions with coupling constants
αk is:

ILovelock =

∫
M

dDx
√
−g

[ D−1
2

]∑
k=0

1

2k
αkR

(k) + IB , (17)

I This is the most general pure gravity theory with vanishing
torsion whose fields equations are given by a rank-2 symmetric
tensor, and of second order in the metric g .

Applying the Camps-Dong formula to this action, we obtain the
entanglement entropy functional:

SA = −2π

∫
dD−2y

√
h

k

2k−2
δ
α1β1...αk−1βk−1
µ1ν1...µk−1νk−1 R

µ1ν1

α1β1
...R µk−1νk−1

αk−1βk−1
.

[Dong]

[Lovelock]



Lovelock gravity conformally coupled to matter

We can couple matter to the Lovelock theory, by defining the
following tensor:

S ab
cd = φ2R ab

cd +
4

s
φ δ

[a
[c∇d ]∇b]φ +

4(1− s)

s2
δ

[a
[c∇d ]φ∇b]φ

− 2

s2
δ

[a
[cδ

b]
d ]∇µφ∇

µφ,

(18)

where φ is a scalar field, and s is the conformal weight. Considering
an additional set of coupling constants βk , the action reads:

I [g , φ] =

∫
M

dDx
√
−g

[ D−1
2

]∑
k=0

1

2k

(
αkR

(k) + βkφ
mkS (k)

)
, (19)

where mk = 2k(1−s)−D
s .

[Oliva, Ray]



Lovelock gravity conformally coupled to matter

By conformal, we mean that gµν → e2Ωgµν , φ→ esΩφ has the

only effect of changing S λρ
µν → e2(s−1)S λρ

µν .

The resulting equation of motion for the metric is:

Tab = gcb

[ D−1
2

]∑
k=0

βk

2k+1
φmk δca1b1...ak bk

ac1d1...ck dk
Sc1d1

a1b1
...Sck dk

ak bk
, (20)

and for the scalar field:

[ D−1
2

]∑
k=0

(2k − D)βk

2ks
φmk−1δc1d1...ck dk

a1b1...ak bk
Sc1d1

a1b1
...Sck dk

ak bk
= 0 (21)

In D = 5, choosing s = −1/5 and setting α2 = 0, the action reads:

I [g , φ] =

∫
M

d5x
√
−g
( Λ

8πGN
+

R

16πGN
+ b0φ

25 + b1φ
13S

+ b2φ
(
ScdabS

cdab − 4SabS
ab + S2

))
,



Black Hole solution

There is an analytical solution to this theory which is valid under
the following conditions:

I Static and spherically symmetric

I Arbitrary sign of the cosmological constant

I A set of constraints over the coupling constants

In D = 5, and choosing s = −1/5 we have:

b2 =
9

10

b2
1

b0
, Q̃0 =

64πGN

6
εb1

(−18

5

b1

b0

)3/2
, N = ε

(−18

5

b1

b0

)1/10

and the solution is:

ds2 = −F (r)dt2 + F−1(r)dr2 + r2dΣ2
3

F (r) = 1− M̃

r2
− Q̃0

r3
+

r2

l2
, φ(r) =

N

r1/5
.



HEE functional for Lovelock theory with conformal
couplings

The Lagrangian for this theory can be written in the following form:

L(gµν , φ) = Lg (R ρλ
µν ) + Lm(S ρλ

µν ),

where Lg is the usual gravity part of the action, and Lm depends

linearly on R ρλ
µν , as well as on φ. Schematically, we can write

S ρλ
µν = φ2R ρλ

µν + Φ ρλ
µν (φ)

where

Φ ab
cd =

4

s
φδ

[a
[c∇d ]∇b]φ+

4(1− s)

s2
δ

[a
[c∇d ]φ∇b]φ− 2

s2
δ

[a
[cδ

b]
d ]∇µφ∇

µφ.

Applying the Camps-Dong formula, we can calculate the
contribution of the matter part to the HEE functional as:

Sm = 2π

∫
dD−2y

√
h φ2

{ ∂Lm

∂Szz̄zz̄
+ φ2

∑
α

(
∂2Lm

∂Szizj∂Sz̄kz̄ l

)
α

KzijKz̄kl

qα + 1

}



Calculation of HEE functional by the Camps-Dong formula

The matter part of the Lagrangian for D = 5 is:

Lm = b0φ
m0 + b1φ

m1S + b2φ
m2
(
S2 − 4SµνS

µν + SµνλρS
µνλρ

)
Having this Lagrangian, we can obtain the corresponding
contribution to SA. First we evaluate the derivatives respect to
S ρλ
µν :

∂Lm

∂Szz̄zz̄
= 2
[
b1φ

m1+b2φ
m2
(
φ2(2R−4Ra

a+2Rab
ab)+2Φ−4Φa

a+2Φab
ab

)]
∂2Lm

∂Szizj∂Sz̄kz̄ l
KzijKz̄kl = 2b2φ

m2

[
2KaK

a − 2KaijK
aij
]
,



Result

Inserting these results in the Camps-Dong formula, and defining
a(s) and b(s) as certain numerical factors, we can write:

SA =
Area

4GN
+ Sm,

where:

Sm = 4π

∫
d3y
√
h
[
b1φ

m1+2 + b2

(
Rφm2+4 + a(s) φm2+3hij∂i∂jφ

+ b(s) φm2+2hij ∂iφ∂jφφ−
12

s2
φm2+2∇zφ∇z̄φ

)]
.

Having the explicit form of the coefficients, we recognize the
second, third and fourth terms as the terms appearing in the
intrinsic S-tensor, defined on the codim-2 surface, so:

Sm = 4π

∫
dyD−2

√
h
(
b1φ

m1+2 + b2φ
m2+2 (S − 12

s2
∇zφ∇z̄φ)

)



Calculation by the squashed cone method

Alternatively, we can use explicitly the squashed cone method.
First expand the Lagrangian in terms of Rρλµν and φ, and look for
those terms in the action which are proportional to ε after
integration respect to the transverse coordinates:

IR ∝ β1

∫
M

d5x
√
−g φ15R, (22)

IH ∝ β2

∫
M

d5x
√
−g (Rab +

1

8
gabR) φ3∇aφ∇bφ, (23)

IH′ ∝ β2

∫
M

d5x
√
−g Gab φ

4∇a∇bφ, (24)

IGB ∝ β2

∫
M

d5x
√
−g φ5

(
RcdabR

cdab − 4RabR
ab + R2

)
, (25)

IM = β2

∫
M

d5x
√
−g

(
36

s2
φ∇a∇bφ∇a∇bφ− 12

s2
(φ�φ)2

)
(26)



Calculation by the squashed cone method

The result using this method is:

Sm = 4π

∫
dyD−2

√
h
(
b1φ

m1+2 + b2φ
m2+2 (S +

24

s2
∇zφ∇z̄φ)

)
Note that the coefficients of the last term, obtained by the
Camps-Dong formula, and by the squashed cone method are not
the same.

What is wrong?

The reason is that the Camps-Dong formula does not consider
possible anomalous terms coming from the terms in the
Lagrangian which only contain the scalar field an its derivatives.



Anomalous contribution from the scalar field

In fact, the term in the action which contributes to Sm and only
depends on derivatives of the scalar field has a quadratic
dependence on ε which is promoted to a linear one, exactly as in
the gravity case which gives rise to the term

2π

∫
dD−2y

√
h
∑
α

(
∂2L

∂Rzizj∂Rz̄kz̄ l

)
α

KzijKz̄kl

qα + 1

For this particular case, we can match the two results if we add the
following term to the Camps-Dong formula:

SAnomalyMatter = 2π

∫
dD−2y

√
h

(
∂2L

∂(∇z∇zφ) ∂(∇z̄∇z̄φ)
∇zφ∇z̄φ

)
(27)

We conjecture that this is the correction to the Camps-Dong
formula corresponding to a general gravity theory depending only
on the Riemmann tensor, and non-minimally coupled with a scalar
field.



Future work

I It remains to be determined if SAnomalyMatter is the only
anomalous contribution that appears when we couple a scalar
field to a gravity theory, or in any other case, to find those
other contributions.

I The anomalous term consists of an infinite expansion at
n > 1.This is dubbed as the splitting problem. To write this
contribution explicitly in terms of the field and its derivatives
at n = 1, we have to solve the most divergent part of the
equations of motion.

I Finally we would like to probe that the codimension-2 surface
in which this functional has to be evaluated is obtained by
minimization of the same. For this, we have to extract the
divergences in the equations of motion for the theory. Having
the explicit form of the HEE functional, we can evaluate the
entanglement entropy for the quantum dual of the
5-dimensional black hole reviewed previously.


