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Constraints on low-energy effective theories

Not all local Lorentz invariant Lagrangians are consistent. For instance, if we
consider a U(1 ) gauge field, Adams, Arkani-Hamed, Dubovsky, Nicolis, Rattazzi, 2006
C2
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the coefficients ¢y and ¢, a priori unconstrained, give the leading S-matrix

amplitudes at energies beneath A,.

To avoid analiticity and unitarity problems of the S-matrix, and superluminal
modes, they must be possitive.

They are indeed positive if obtained by integrating out electrons in QED.

In the case of gravity, the situation is tighter. If we have
T = /dDX\/I |:R + %RMVJ)\RMVUA + %H”VUARO')\O[BRaﬁMV I
*

then ¢q, ¢ ~ 0 or, else, an infinite tower of massive higher-spin particles must
be introduced. Camanho, Edelstein, Maldacena, Zhiboedov, 2016
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Constraints on low-energy effective theories

The setup we are dealing with is represented as follows:

General strong Quantum

Relativity coupling Gravity

]\JPlaan

The idea is to compute the tree-level 4-point amplitude

/

P, p,

in the Eikonal limit: s ~ P, P, very large (yet s < M3,...), t ~ —G* < s, and
fixed impact parameter b.
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Constraints on low-energy effective theories

The eikonal phase shift, in the impact parameter representation, is given by
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where the vertices AES?}, = AESS], —idy) and AR = Aﬁh(—i@E) read:
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Constraints on low-energy effective theories

Then, the eikonal phase shift scales linearly, 5(s, b) ~ s. The S-matrix reads
S(s, 5) ~ gi(s.b) 7
and it has to be analytic and bounded,
1S(s,b)| <1, for Ims>0.

It is impossible to fulfill this condition for all polarizations of the intervening
on-shell gravitons. Camanho, Edelstein, Maldacena, Zhiboedov, 2016

In fact, §(s, b) is proportional to the Shapiro delay, which relates this problem
to causality violation.

New degrees of freedom at E ~ A,; Spin J particles contribute 4(s, 5) ~ g/,
Massive J = 2 would do the job but do not conserve angular momentum!

We need an infinite tower of higher-spin particles with a delicate fine-tuning in
their couplings, as in string theory! D’Appolonio, Di Vecchia, Russo, Veneziano, 2015
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The three-dimensional case

General Relativity in 3D has no local degrees of freedom. Spacetime is locally
flat outside the locus of any source; there should be no Shapiro delay.

A shock wave solution reads Edelstein, Giribet, Gomez, Kilicarslan, Leoni, Tekin, 2017
ds? = —dudv + 20|p|d(u)8(—y)ydu? + dy? ,
where o = 87 G is just a sign, o2 = 1: the Shapiro delay vanishes, Av = 0.

We can equivalently compute the Eikonal scattering amplitude of a scalar field
minimally coupled to gravity,

+ +

which leads to

1 lolo] igb 2 2y _ Sj
= 5g 27Te Agree (S, —q°) where  Agyee(S, —q°) = —0— .

o(b, s) ;
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The three-dimensional case
The Eikonal phase shift naively diverges,
iqb
(S(b7 s) — Ls @ei

unless we conveniently regularize this expression as

2

. os [ . os [dg e®
)= f, =2 | anggrier °
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-
The three-dimensional case: Topologically Masive Gravity

The action of Topologically Massive Gravity reads Deser, Jackiw, Templeton, 1982

TrvG = / d®x {a —gR+ Mewr” (ayrgc, + % ‘;Ar;g> + %\ﬁg 000" b
leading to the equations of motion:
oGy + ;f;jﬁg o <Rﬁu - lgﬁ,,Fr’) =Tu.
TMG violates parity: it has a single massive spin-2 graviton mode with
Mg =pn>0.
whose kinetic term is well defined for o = —1.
The shock wave solution can be found to be

20|p|
L

h(u.y) = —27P suya(y)e + L["" ()(—y) (ny —1).
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The three-dimensional case: Topologically Masive Gravity
A scalar particle crossing the shock wave experiences

2
Av = —Meﬂ‘b >0.
1

while the massive graviton suffers a similar Shapiro delay,

_ 30|p| e—mgb
Mg

Both unitarity and causality demand negativity of the Newton constant.

Av = >0.

A comment is in order: we need to fix the gauge to deal with asymptotically
flat and Cartesian coordinates, which we can do for y > 0 or y < 0.

We can again compute the Eikonal scattering amplitude from

1 2 1
Irvg = /dsx {m/—gFH- Zewprga ((%Ffja + 3 ‘j‘/\rza> + E\/—gauqﬁal‘(b ,

whose vertex reads
1
/ / / / 2
V(p.p') = 5 (Publ, + Publ = (P~ P+ 417)) -
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The three-dimensional case: Topologically Masive Gravity

The graviton propagator in de Donder gauge

4in(-?) T o
Duvap = (_p2)3 — Mz(_pz)g [_? (euael/ﬁ + 0,800 — @MVeaﬁ)
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+ (_pZ) (el‘aw’jﬁ + e,u.ﬁwl/a + euawpﬁ + eyﬁw#a)

’
~59Oap — (Ouwas + @aﬁww)]
where

0,0,
=

w=0,0, , and O =N —
The tree-level amplitude reads
§? 1
A[me(s, t) = —UTW .
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The three-dimensional case: Topologically Masive Gravity

The Eikonal phase shift naively diverges but can be regularized

1 [aq
2s | 2n
f,LLS - dq ei(q+ie)b

=0 2 27 (g +ie)2(q+ie+ iop)

5(b,s) = %P Aee(s, t = —G°)

So that 0
5(b,s) ~ Av = —O;Llpe‘“b >0.

What happens in the AdS case?

In principle, similar results hold, although the sign of the Newton constant
enters into conflict with that needed for black hole thermodynamics.

Let us scrutinize whether T-duality can be used as a restrictive tool to classify
well-behaved theories, and whether it resolves the sign problem.
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T-duality and high-derivative three-dimensional gravity

In String Theory, T-duality is a symmetry of the low energy effective action to
all orders in o/. Consider the action of the massless NS-NS sector,

Tp = / d%V=-Ge2*,£0
(we have set 167Gy = 1), where
’
L£O = R—2A+4(Vy VMo — VyoVMo) — — Hyng HYNA

12

If our fields possess a U(1) isometry along, say, ¢, the set of transformations

o)

v =1/Gyy Gyp = Byu/Gyy s Byu = Gyu/Gyy

pv = G/,Ll/ - (G’LP/LGle - BdW«Bd’V)/GT/’w ’

o)

sl

~ 1
= By = (GyuByw — GywByu) /Gyy » @ = — 5109Gyy

leave 7, invariant; hatted fields are those of the T-dual background. Buscher, 1987
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T-duality and high-derivative three-dimensional gravity

A more transparent expression emerges from explicitly writing of the fields in
terms of those dimensionally reduced along v,

ds? = g axtdx” + €7 (dy + V,, dx*)?

1
BHV:B#V+§(WHVV_WVVH)7 Bm!):W

oo
PP
= 20’,

where V,, and W, are the U(1) gauge vectors arising from the metric and the
B-field with an index along the cyclic coordinate. Kaloper, Meissner, 1997

B, is the dimensionally reduced Kalb-Ramond field, and the W, V,;-term is a
convenient field redefinition; now, Maharana, Schwarz, 1993

Ve W, , and o+ —0,

are the T-duality rules; they square to the identity.
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T-duality and high-derivative three-dimensional gravity

Does T-duality provide a sufficient constraint to obtain the next-to-leading term
in a low-energy expansion? Edelstein, Sfetsos, Sierra-Garcia, Vilar Lépez, 2018

There is a two parameter Lagrangian based on the O(D, D) invariant Double
Field Theory realization of T-duality, Hohm, Zwiebach, 2014 Marqués, Ndfez, 2015

L0 = 20 )

where .. are assumed to be order A2 parameters, and

1 3 1
) = ERMNRS RMNRS _ ) H"A Hygs. Rna®" + EVM Hnas VM HNAS
1 1
+——=H"A Hyst Ha ™ Har® + — Huar HMR L Hys T HVSE
48 16
1

_ E HMNFi‘ 8M (HNAB QRAB) ,

5(1) _ HMNR@MNR.

1 . Lo
KSF) was constructed (modulo field redefinitions) long ago.  wetsaev, Tseytlin, 1987
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T-duality and high-derivative three-dimensional gravity

The sign subindex in E(j;) makes reference to its parity under H — —H.

©wmnr is the gravitational Chern-Simons three-form,
2
Oung = ua® On Qg™ + §Q[MAB Qg% Qmc?

QuiaB being the Lorentz connection. Some particular values of .. correspond
to low-energy effective actions coming from string theories:

v =0 bosonic ,
Y+ = —7- heterotic ,
ve=7_=0 type II .
In the former two cases, . — . = 3o/
The case . = +_ is also special. Hohm, Siegel, Zwiebach, 2014.

For other v, and ~_, the Lagrangian is not known to be related to a o-model
or a CFT. Yet, it is invariant under T-duality if we neglect O(+% ) terms.
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T-duality and high-derivative three-dimensional gravity

| want to explore the behavior of the - -corrected BTZ black hole solving
7= /d3x\/—G e 2O 4, W4 O]

when it is subjected to a T-duality transformation.

The vanishing .. was studied by Horowitz and Welch. Horowitz, Welch, 1994

They found that the BTZ black hole is mapped onto a black string. Despite the
geometry being severely modified, the existence of a bifurcate Killing horizon,
the temperature and the entropy of both solutions are the same.

I will show that the temperature and entropy of the BTZ black hole coincide
with those of the T-dual black string when +.. corrections are included.

The value of these parameters not being restricted to the string theory values!

Although T-duality does not provide stringent enough constraints on these
parameters, AdS/CFT does.
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The BTZ black hole and ~.. corrections

To discuss the effect of v, corrections on the BTZ black hole, we write down
the equations of motion starting from an equivalent action: Bergshoeft, deRoo, 1989

T = /d3x —Ge2® {Fi + 212 +4(VyVMe — Vo VM o)
1. - 1 K
= Fhawi FMNA | . ’2 a RI(WzIABR(k)MNBA} ’

where the sum runs over two signs, kK = +, and the parameters a. are going
to be dubbed a2 = aand a. = b.

- 3 _

Hung :== Hung — > (395\/1/\3/? - b@ﬁ,\),ﬂ) )
©() denote the gravitational Chern-Simons form of the Lorentz connection
with torsion Qﬁ,j,;)B = Qua® + SHuaB.
The parameters .. are related to a and b in a simple fashion:

axtb
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The BTZ black hole and ~.. corrections

From the variation of Z one gets the equations of motion:

4 1
Rt 5 +4(V20 — (VO)) — - uwa M 4 15" aiRUPRYMS =0,

Vi e~ 2° {fMNR + g Z a (e—ZtDHST[MR‘(Sk#FIN] B kv(sk) [e—ZGR(k)S[MNH]] )] -0,
k=4

1- —nrs 1 k (k)RST
Run + 2V VN — ZHMRSHN ~2 [2 ak [R/(W)?STRN)

e ® (QGS(M‘VH + kHFIS(M|) (5(_/ V + kHry ) (e—2¢R(k)TUR|N))] =0 R
where V2 = vV VM, (Vo)? = VM¢VM<I> and v® is the covariant derivative involving

the connection with torsion QMA ie., V )is the (diffeomorphism) covariant derivative
with torsionful Christoffel symbols FMN =Ty T 2HMN .

We want to find exact black hole solutions of this system. The BTZ black hole can be
dressed to give a solution of the equations arising from Zy: Horowitz, Welch, 1993
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The BTZ black hole and ~.. corrections
ar? 2
ds? = —N2df? + Nt r? (dy + N¥dt)",

2 2
_ re—r
62¢:1, BWJ:+€ ,

while all other components vanish; the lapse is the standard BTZ
A2 — (r2 —r2)(r> —r?) N 11
22r? ’ ¢ \r2 r2)’

where r, and r_ are two integration constants, better expressed in terms of
the (y+-uncorrected) black hole mass and angular momentum,

2 2
re+r 2ror_
M=+ = J="=
T2 T2
which agree with the standard BTZ expressions. For the stringy values, this
solution is exact to all orders in . Horne,Horowitz, Steif, 1992

This is a solution for arbitrary -, because egjﬁN’H and R(,\jt,\),AB vanish when
evaluated on the BTZ, as expected.
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The BTZ black hole and ~.. corrections

In spite of the fact that the action can be shown to be local Lorentz invariant
on-shell, it is not so for an arbitrary background.

Indeed, it is invariant under an anomalous local Lorentz transformation:

a _ b
SNEm? = EvPAE?, ABun = 2 3[M/\ABQ$V];A +3 0[M/\ABQSV+];;A :

where A48 is the infinitesimal generator.

For the heterotic string case such transformation is due to the Green-Schwarz
anomaly cancellation mechanism.

It leaves Hyng invariant; the rest of the action is manifestly invariant.

Due to this anomalous Lorentz invariance, it is necessary to specify both the
vierbein and the B-field which solve the equations of motion.

A different frame has to be accompanied by a compensating transformation in
the B-field so that Hyng remains invariant.
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The BTZ black hole and ~.. corrections

Consistency of the black hole thermodynamics requires the horizon to be a
regular bifurcate Killing horizon. Racz, Wald, 1992

Consider a stationary solution with a spacelike isometry, n, whose orbits are
closed and provide the symmetry along which we apply T-duality.

Furthermore, n commutes with an asymptotically timelike Killing field A,
A= 8, s n= &p/ .

For some constant w there is a compact spacelike codimension-2 bifurcate
Killing horizon B in which

§|B :)\ern‘B =0,
£ being the null Killing vector that generates the Killing horizon.

All fields must obey regularity conditions at B. wald, 1993 Jacobson, Kang, Myers, 1994

The particular choice of coordinates, as well as the gauge choice for the
B-field, must be such that GMN = Bw|N = 0 at the horizon V.
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N
The BTZ black hole and ~.. corrections

Otherwise, either the original solution or its T-dual along « are singular at
leading order in ...

Horowitz, Welch, 1994

Given the fact that Q4 enters explicitly in the action, we further impose:
Mua®|\ = Qu®|,, = 0.

This follows from ¢|,, = &;|, = 0, and the regularity of 2,5 as 1-forms.

It turns out that the obvious vierbein choice of our solution,
0 1 ar 2 0
e’ = Ndt , e:N, e =r(dy + N¥dt) ,
does not fulfill this condition, Qo' |N =—r#0.
Qua® can be made regular, 2:4°|,. = 0, by a Lorentz transformation:

E°® = cosh(xt) €° +sinh(kt)e',  E' =sinh(xt) €® + cosh(xt) e' .
Also, Bh/) — Bh/, + ABtw.
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-
The v, -corrected T-dual black strings

It is possible to perform a non-covariant field redefinition

~ 1
Gunv = Gum —ZzakQS\SZ\BQ%{éA,
k=
Buw = Bw, e2V-G=e2/=G.
that keeps the Buscher rules unaffected Marqués, Nafiez, 2015.

In this fashion, a v dependence is inherited by the T-dual solution:
ar?

ds® = —Ndf? +W+e’20(dX+Nth)2, e =rf1+4),

e Y 2 ( J(, MEFY v
B'x—z(‘—rz> ﬁ(“*zo 27 )T \M72r))

where N2 is the same lapse function, e = ',f and

2 2
re—r 2 s 1=A
+€ (1+ea-), Af:ﬁ(alMJr@‘J/é), e’ = P
This solution represents a . -corrected black string.

NX =
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The v, -corrected T-dual black strings

The 4. = 0 case corresponds to HW solution. Horowitz, Welch, 1994
The bifurcated Killing horizon is not regular, though.

Regularity requires either applying T-duality to the regular BTZ black hole or,
equivalently, by performing a local Lorentz boost.

It has to be accompanied by By, — By, + AB;y,

Kk (4J
ABTX = ﬁ (r'\ +2r") .

To better connect our result with those in the literature,

t = r2—r?) "2 (1-2072 (. — ey )) (T +X),

X = (- 2[(1+207%( +e1 )X +40%e) T],
and let us change the radial variable: r? = ¢p.

We obtain the ~..-corrected T-dual black string:
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The v, -corrected T-dual black strings

4(1-€?)~
92 = —(1—M){1—ﬂ(37+ef )}dTZ—M(H-M)deX
p 2 2p P
—1 -1 249 2
<1+g){1+—( +eﬂ,+)}dX2+(1—M) (H—g) Mﬁ,
p P 4p
e2® — gpyo0! [(1+e2>m/v1—2<79},
Q 49 M —eQ ete ' ©Q
= —e-=4+ 2|4 (=) [Z=Y=—4+ =
Brx © p+152p< ( 2p ) ( 2 +p>>’
ABrx = 2x7'/? (1 Qp~8/2 —4 P_1/2)’
where e = —Q/M; M =p, and Q = —/pyp—. Horowitz, Welch, 1994
=0 . = 1a —1g2

It is convenient to focus on the bosonic string case, 7 = 3¢

The uncorrected (linear dilaton) black string solution is: Horne, Horowitz, Steif, 1992

—1 —1 )2 2
d32:7(1—pi>dT2+(1—p—_>dX2+(1fp—_) (1—p—+) ca
p p p p 4p

2-aug-2018 25/32
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-
The v, -corrected T-dual black strings

with a linear dilaton, e=2®

The corrected T-dual metric becomes diagonal:

2 2
()R (o) (52
p p
M\ eQ\ " 2dp?
) )
( 14 P 4?2
_ 02
e = Z{p+(1+e2)/\/t£—§} ,
Q M-—eQ 2\ 4 KQI2
B = 767;+Q(T*;)[:7 ABTx:@/zpss/g*a
The scalar curvature at leading order in 1/p reads
4 4. 1
Ay (mea (14 ) -2 ]

which is the expected fall-off of an asymptotically flat metric in D = 3.
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T-duality and black hole thermodynamics

We bring our solution to Eddington-Finkelstein form:

dr . Nx

in which the metric is regular at the horizon, r = r,,

ar,

ds?® = —N2dv? + 2dvdr + e~27(d§ + NXdv)? .
The surface gravity, , can be defined from the timelike Killing vector,

2 2
re—r

Moy =ny = k= r,

= KBTZ -

T-duality preserves the bifurcated Killing horizon and its temperature. This
generalizes the HW result. Horowitz,Welch, 1994

Let us scrutinize now the properties of the black hole entropy under T-duality.

The invariance to leading order is purely a geometrical issue. Horowitz, Welch, 1994
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T-duality and black hole thermodynamics

The black hole entropy in the +.-corrected theory is not amenable to the
lyer-Wald formula because the action is not Lorentz invariant.

We must deal with the anomalous Lorentz invariance. Tachikawa, 2007

The black hole entropy is finally given by the following expression:

Sy = 47r/ dce2*\/G, {1 +2 (Ffmm - 2HA°1HA01) — 2, QM HA01] )
Y

where ¥ denotes the cross section of the horizon and G, is the determinant of
the induced metric on it. As we are in 3D X is a curve, parameterized by ¢ = ¢
in the BTZ solution or by ¢ = x in the dual black string solution.
Plugging either the BTZ black hole or the - -corrected black string,
3272
Sgr = 87°r; + T: (vary +7-r-),
where we have set Ay = Ay = 27 at the horizon.
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T-duality and black hole thermodynamics

It is interesting to see how the expressions in the entropy integrand behave
when dimensionally reduced:

e_2¢ gh = e_2¢ )

3 o 3
RO1 0 — ZHO12/_I012 _ RO1 0 — Z (620 V01 V01 + e—2<7 W01 W01) ,

H?' Qo1 = *%Wm Vot ,
where F?WW is the dimensionally reduced Riemann tensor, and V,,, and W,,,,
are the field strengths corresponding, respectively, to V,, and W,,.

Each of the terms is T-dual invariant by itself; the latter two are only requested
to be invariant under the uncorrected Buscher rules.

Notice that for o # 0 the entropy depends on r_. This is standard in theories
with broken parity. Couso-Santamaria, Edelstein, Garbarz, Giribet, 2011
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N
AdS/CFT constraints

The entropy of the BTZ solution matches the Cardy formula. The central
charges of the dual CFT can be readily computed,

3/ 6
Ct = 2Gn EGN(L +9),
where we have reintroduced 167Gy for the sake of comparison. In the case
~v+ = 0 we recover the Brown-Henneaux seminal result, Brown, Henneaux, 1986
Ct = ﬂ .
2Gn

These expressions satisfy the integrated version of the Cardy formula,

2

+r
Ser = %(C.F Ti+c.T.), where T, = b=

212

The CFT description, being non-symmetric in its left- and right-moving sectors
due to the bulk CS term, yields a quantization condition for - .

Modular invariance imposes ¢_ — ¢, = 24k, k € Z. Witten, 2007
v must be quantized in units of 2/Gy (Gy < A;' < ¢, ¢ is the AdS radius).
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Concluding remarks

We applied T-duality to a BTZ black hole in a family of higher-derivative
theories which includes (but generalizes) the o’-corrected string actions.

We used T-duality as a solution generating technique to obtain an approximate
non-trivial higher-curvature asymptotically flat black string configuration.

The temperature and the entropy remain invariant for all values of ...

The result is puzzling: the theories we have discussed, for generic .. do not
seem to have a sigma model origin. T-duality as an approximate symmetry?

Bifurcate Killing horizons are mapped onto bifurcated Killing horizons with
exactly the same surface gravity, generalizing earlier results. Horowitz, Welch, 1994

The preservation of entropy, in turn, is remarkable. Here it is not just area
conservation.

One might naively expect that neglecting quadratic contributions in .. may
affect a quantity that accounts for the number of degrees of freedom.
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Concluding remarks

Our results suggest that T-duality could be a symmetry of a larger class of
theories.

Among all, what makes string theory special is probably the fact that it can be
resummed to all orders in .. ~ /.

Our results are in line with expectations arising from DFT. Arvanitakis, Blair, 2017

The invariance of ~..-corrected temperature and entropy can be generalized
to black holes in higher dimensions.  Edelstein, Sfetsos, Sierra-Garcia, Vilar Lépez, to appear

A further use of AdS/CFT to constrain - leading to consistent quantum
gravities in three dimensions must be done. Edelstein, Giribet, Sierra-Garcia, to appear

There is a chiral point where one of the central charges vanishes and a
logarithmic branch emerges, much as in the case of TMG.

Thank you

José D. Edelstein (USC) Causality, T-duality and high-derivative gravities 2-aug-2018 32/32



