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Planck 2013

= spectral index ns

10 Planck Collaboration: Constraints on inflation

HZ HZ + YP HZ + Ne↵ ⇤CDM
105⌦bh2 2296 ± 24 2296 ± 23 2285 ± 23 2205 ± 28
104⌦ch2 1088 ± 13 1158 ± 20 1298 ± 43 1199 ± 27
100 ✓MC 1.04292 ± 0.00054 1.04439 ± 0.00063 1.04052 ± 0.00067 1.04131 ± 0.00063
⌧ 0.125+0.016

�0.014 0.109+0.013
�0.014 0.105+0.014

�0.013 0.089+0.012
�0.014

ln
⇣

1010As

⌘

3.133+0.032
�0.028 3.137+0.027

�0.028 3.143+0.027
�0.026 3.089+0.024

�0.027
ns — — — 0.9603 ± 0.0073
Ne↵ — — 3.98 ± 0.19 —
YP — 0.3194 ± 0.013 — —
�2� ln(Lmax) 27.9 2.2 2.8 0

Table 3. Constraints on cosmological parameters and best fit �2� ln(L) with respect to the standard ⇤CDM model, using
Planck+WP data, testing the significance of the deviation from the HZ model.

Model Parameter Planck+WP Planck+WP+lensing Planck + WP+high-` Planck+WP+BAO

⇤CDM + tensor ns 0.9624 ± 0.0075 0.9653 ± 0.0069 0.9600 ± 0.0071 0.9643 + 0.0059
r0.002 < 0.12 < 0.13 < 0.11 < 0.12

�2� lnLmax 0 0 0 -0.31

Table 4. Constraints on the primordial perturbation parameters in the ⇤CDM+tensor model from Planck combined with other data
sets. The constraints are given at the pivot scale k⇤ = 0.002 Mpc�1.
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Fig. 1. Marginalized joint 68% and 95% CL regions for ns and r0.002 from Planck in combination with other data sets compared to
the theoretical predictions of selected inflationary models.

CL for the WMAP 9-year data and is further excluded by CMB
data at smaller scales.

The model with a quadratic potential, n = 2 (Linde, 1983),
often considered the simplest example for inflation, now lies
outside the joint 95% CL for the Planck+WP+high-` data for
N⇤ . 60 e-folds, as shown in Fig. 1.

A linear potential with n = 1 (McAllister et al., 2010), mo-
tivated by axion monodromy, has ⌘V = 0 and lies within the

95% CL region. Inflation with n = 2/3 (Silverstein & Westphal,
2008), however, also motivated by axion monodromy, now lies
on the boundary of the joint 95% CL region. More permissive
entropy generation priors allowing N⇤ < 50 could reconcile this
model with the Planck data.

ns rvs.

ns = 0.9603± 0.0073 , r < 0.11

= tensor 2 scalar ratior
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outside the joint 95% CL for the Planck+WP+high-` data for
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tivated by axion monodromy, has ⌘V = 0 and lies within the

95% CL region. Inflation with n = 2/3 (Silverstein & Westphal,
2008), however, also motivated by axion monodromy, now lies
on the boundary of the joint 95% CL region. More permissive
entropy generation priors allowing N⇤ < 50 could reconcile this
model with the Planck data.
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• A scorecard 

Planck 2013 

• String models like small  r (Lyth bound) 

Lyth 
 

Warped Wilson line 

String Theory Inflation Models 

Field Theory Inflation models 

ns = 0.9603± 0.0073 , r < 0.11
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CL for the WMAP 9-year data and is further excluded by CMB
data at smaller scales.

The model with a quadratic potential, n = 2 (Linde, 1983),
often considered the simplest example for inflation, now lies
outside the joint 95% CL for the Planck+WP+high-` data for
N⇤ . 60 e-folds, as shown in Fig. 1.

A linear potential with n = 1 (McAllister et al., 2010), mo-
tivated by axion monodromy, has ⌘V = 0 and lies within the

95% CL region. Inflation with n = 2/3 (Silverstein & Westphal,
2008), however, also motivated by axion monodromy, now lies
on the boundary of the joint 95% CL region. More permissive
entropy generation priors allowing N⇤ < 50 could reconcile this
model with the Planck data.
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An early period of quasi deSitter expansion, driven by a 
(single) scalar field, whose quantum fluctuations gave rise to 
the LSS we observe today: inflation

It also explains why the universe is approximately 
homogeneous and spatially flat (flatness, horizon 
problems). Explains absence of monopoles and 
other topological defects 

φφi φf

δφ

 slow roll inflationV (φ)

Cosmological Inflation
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• They are approximately scale invariant, 

• Primordial gravitational waves, r

• They approximately Gaussian

• Statistically isotropic and homogeneous to a high 
degree. 

Inflation in its simplest version (single field slow roll) gives 
generic predictions on the properties of the density 
perturbations:

ns 6= 1
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These cosmological observables translate into properties of 
the inflationary model and thus we can use CMB data to 
classify models of inflation according to their generic 
predictions for these parameters
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Can be elegantly described by Hubble flow equations, with 

Hubble flow parameters

✏0 = H

Cosmological evolution encoded in Hubble parameter H, which 
determines the inflationary observables (ns, r)

In terms of these, the observable parameters become: 

and their evolution as a function of number of e-folds:  

(N~ 0 @ end of inflation)

and are evaluated at horizon crossing 

[Schwarz, Terrero-Escalante, García ’01]
[Schwarz, Terrero-Escalante ’04]

ns � 1 = ✏2 � 2✏1 , r = 16✏1

✏n+1 =

d log ✏n
dN
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Solution of flatness/horizon problems as well as reheating 
set a lower bound on 

Together with current observational values on ns and r, 
this suggest 1/N as a natural small parameter to expand 
the cosmological variables. 

Inflation at large-N

However there is no compelling reason for an upper 
bound on N. 

N & 50

It seems natural that inflation extends a long way further 
into the past than the portion that we can observe.



A large-N expansion is a powerful tool to organize 
dif ferent inf lat ionary models in terms of their 
cosmological predictions.

It is possible to identify a number of classes where 
physically different inflationary scenarios would predict 
the same values of ns and r in the leading 1/N 
approximation 

[Roest ’13; García-Bellido,Roest ’14]
[Kallosh-Linde ’13; Mukhanov ’13]

Inflation at large-N



This formulation does not depend on the mechanism that drives 
the inflationary period, nor on the details of the underlying 
microscopic model

N-formalism of Inflation

The link between these two equivalent formulations is provided 
by the relation

2

approximat ion in 1/ N . In some classes it can be shown
that subleading correct ions are irrelevant from theobser-
vat ional point of view.
The inflat ionary phase can be specified fully in terms

of N [12]and this has the direct advantage to go beyond
an explicit descript ion of themicroscopicmechanism gen-
erat ing the accelerated expansion and the deviat ion from
a scale invariant spect rum.
In the light of the recent data release, it seems worth-

while to examine featuresof a variablecrucial for thecon-
st ruct ion of inflat ionary models at high energies, namely
the inflaton field range ∆ φ. Assuming that quadrat ic
inflat ion provides a good fit to both the Planck and BI-
CEP2 data, does this imply that the field range is nec-
essarily ident ical to that of a massive free field? In the
present paper we address this quest ion and extend the
analysis also to other chaot ic inflat ion scenarios, which
naturally provide a large value of r . However, our ap-
proach can beapplied to any other model of inflat ion with
given predict ions for2 (ns, r ). In the chaot ic example, we
prove the existence of an upper bound on ∆ φ and the
total number of e-foldsN . Finally, we show that in some
cases it ispossible in principle to havesub-Planckian field
ranges, if onegoesbeyond the requirementsof single-field
and/ or slow-roll inflat ion [13].
Thepaper is organized as follows. In sect ion I I, wedis-

cuss the large-N behavior of models with natural large
r , namely chaot ic inflat ion scenarios with monomial po-
tent ials [14]. These will be regarded as benchmark mod-
els throughout the paper. Then, in sect ion I I I, we ana-
lyze three di�erent classes of models with specific depen-
dence on N , which describe several inflat ionary models
in the literature. We point out connect ions among them
and present the main results on the degeneracy of the
field range together and its upper bound. We summarise
our results and present an out look in the discussion IV.
Throughout the paper we set the reduced Planck mass
M p = 1.

II. CHAOTIC INFLATION AS BENCHMARK

The classificat ion of inflat ionary models at large-N
[10–12] can beelegant ly performed in termsof theHubble
parameter H , which encodes the accelerated expansion
and its evolut ion as a funct ion of the number of e-folds
(note that N decreases as t ime progresses in our conven-
t ions). This is nicely described in terms of the Hubble
flow funct ions �n defined iterat ively as [15, 16]

�n+1 =
d log |�n|
dN . (4)

2
In this paper we do not consider the running of the spectral tilt;

more precise measurements of the running can be used to narrow

the admissible window for the inflationary range.

The first of these quant it ies is ident ical to the Hubble
parameter, �0 = H . The inflat ionary observables, in
part icular the spect ral index of the scalar density per-
turbat ions and the tensor to scalar rat io, can then be
compact ly expressed as

ns = 1+ �2 � 2�1, r = 16�1 . (5)

In order to connect these to CMB observat ions, oneneeds
to evaluate these quant it ies at horizon crossing, denoted
by N?.
The formulat ion in terms of N does not depend on the

mechanism that drives the inflat ionary period, nor on the
details of the underlying microscopic model. However,
st rict ly within the slow-roll approximat ion, the Hubble
flow funct ions are equivalent to the flow parameters in
terms of the potent ial V for a scalar field φ, namely:

�0 = V 1/2 , �1 = �, �2 = �4�+ 2η , (6)

where the slow-roll parameters are defined as

�= 1
2

✓
V�
V

◆2

, η = V��
V . (7)

The link between these two equivalent formulat ions is
provided by the usual relat ion

dφ
dN =

p
2�1 . (8)

The Ansatz �(N ) therefore fully determines the scalar
potent ial of a corresponding inflat ionary model, either in
terms of a scalar field φwith canonical kinet ic terms, or
by the Lagrangian

L =
p�g [ 12R � �(N )(∂N )2 � V (N )] , (9)

when interpret ing the number of e-foldings as a field N .
Generically, the funct ional form of the potent ial V will
bevery di�erent when expressed in termsof φor in terms
of N .
Mot ivated by the recent cosmological data, weconsider

chaot ic inflat ion scenarios as benchmark models for the
following study. However, note that other models can be
st raight forwardly studied following the same reasoning.
Chaot ic scenarios are usually characterized by monomial
potent ialswhen expressed in termsof thecanonical scalar
field φ. Further, they naturally lead to a large value of r
together with a super-Planckian excursion of the inflaton
field. In a large-N descript ion, thefirst threeHubbleflow
funct ions turn out to be

�0 = hN � , �1 =
β
N , �2 = � 1

N , (10)

where h is an integrat ion constant and β is related to the
specific universality class.
Thedescript ion in termsof N is exact for thesemodels

(there are no subleading correct ions) and hence captures
all of their fundamental features. However, even if there
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The paper is organized as follows. In section II, we dis-
cuss the large-N behavior of models with natural large
r, namely chaotic inflation scenarios with monomial po-
tentials [14]. These will be regarded as benchmark mod-
els throughout the paper. Then, in section III, we ana-
lyze three di↵ erent classes of models with specific depen-
dence on N , which describe several inflationary models
in the literature. We point out connections among them
and present the main results on the degeneracy of the
field range together and its upper bound. We summarise
our results and present an outlook in the discussion IV.
Throughout the paper we set the reduced Planck mass
Mp = 1.
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els throughout the paper. Then, in section III, we ana-
lyze three di↵erent classes of models with specific depen-
dence on N , which describe several inflationary models
in the literature. We point out connections among them
and present the main results on the degeneracy of the
field range together and its upper bound. We summarise
our results and present an outlook in the discussion IV.
Throughout the paper we set the reduced Planck mass
Mp = 1.

II. CHAOTIC INFLATION AS BENCHMARK

The classification of inflationary models at large-N
[10–12] can be elegantly performed in terms of the Hubble
parameter H, which encodes the accelerated expansion
and its evolution as a function of the number of e-folds
(note that N decreases as time progresses in our conven-
tions). This is nicely described in terms of the Hubble
flow functions ✏n defined iteratively as [15, 16]

✏n+1 =
d log |✏n|

dN
. (4)

2
In this paper we do not consider the running of the spectral tilt;

more precise measurements of the running can be used to narrow

the admissible window for the inflationary range.

The first of these quantities is identical to the Hubble
parameter, ✏0 = H. The inflationary observables, in
particular the spectral index of the scalar density per-
turbations and the tensor to scalar ratio, can then be
compactly expressed as

ns = 1 + ✏2 � 2 ✏1, r = 16 ✏1 . (5)

In order to connect these to CMB observations, one needs
to evaluate these quantities at horizon crossing, denoted
by N?.
The formulation in terms of N does not depend on the

mechanism that drives the inflationary period, nor on the
details of the underlying microscopic model. However,
strictly within the slow-roll approximation, the Hubble
flow functions are equivalent to the flow parameters in
terms of the potential V for a scalar field �, namely:

✏0 = V 1/2 , ✏1 = ✏ , ✏2 = �4✏+ 2⌘ , (6)

where the slow-roll parameters are defined as

✏ =
1

2

✓
V�

V

◆2

, ⌘ =
V��

V
. (7)

The link between these two equivalent formulations is
provided by the usual relation

d�

dN
=

p
2✏1 . (8)

The Ansatz ✏(N) therefore fully determines the scalar
potential of a corresponding inflationary model, either in
terms of a scalar field � with canonical kinetic terms, or
by the Lagrangian

L =
p�g [ 12R� ✏(N)(@N)2 � V (N)] , (9)

when interpreting the number of e-foldings as a field N .
Generically, the functional form of the potential V will
be very di↵erent when expressed in terms of � or in terms
of N .
Motivated by the recent cosmological data, we consider

chaotic inflation scenarios as benchmark models for the
following study. However, note that other models can be
straightforwardly studied following the same reasoning.
Chaotic scenarios are usually characterized by monomial
potentials when expressed in terms of the canonical scalar
field �. Further, they naturally lead to a large value of r
together with a super-Planckian excursion of the inflaton
field. In a large-N description, the first three Hubble flow
functions turn out to be

✏0 = hN� , ✏1 =
�

N
, ✏2 = � 1

N
, (10)

where h is an integration constant and � is related to the
specific universality class.
The description in terms of N is exact for these models

(there are no subleading corrections) and hence captures
all of their fundamental features. However, even if there

However, strictly within the slow-roll approximation, the Hubble 
flow functions are equivalent to the slow-roll parameters in terms 
of the potential V for a scalar field φ:

where
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Universality properties in          plane

Universality classes of inflationary models can be identified 
in the           plane given their predictions. They divide the 
plane in various regions:

(ns, r)

10 Planck Collaboration: Constraints on inflation

HZ HZ + YP HZ + Ne↵ ⇤CDM
105⌦bh2 2296 ± 24 2296 ± 23 2285 ± 23 2205 ± 28
104⌦ch2 1088 ± 13 1158 ± 20 1298 ± 43 1199 ± 27
100 ✓MC 1.04292 ± 0.00054 1.04439 ± 0.00063 1.04052 ± 0.00067 1.04131 ± 0.00063
⌧ 0.125+0.016

�0.014 0.109+0.013
�0.014 0.105+0.014

�0.013 0.089+0.012
�0.014

ln
⇣

1010As

⌘

3.133+0.032
�0.028 3.137+0.027

�0.028 3.143+0.027
�0.026 3.089+0.024

�0.027
ns — — — 0.9603 ± 0.0073
Ne↵ — — 3.98 ± 0.19 —
YP — 0.3194 ± 0.013 — —
�2� ln(Lmax) 27.9 2.2 2.8 0

Table 3. Constraints on cosmological parameters and best fit �2� ln(L) with respect to the standard ⇤CDM model, using
Planck+WP data, testing the significance of the deviation from the HZ model.

Model Parameter Planck+WP Planck+WP+lensing Planck + WP+high-` Planck+WP+BAO

⇤CDM + tensor ns 0.9624 ± 0.0075 0.9653 ± 0.0069 0.9600 ± 0.0071 0.9643 + 0.0059
r0.002 < 0.12 < 0.13 < 0.11 < 0.12

�2� lnLmax 0 0 0 -0.31

Table 4. Constraints on the primordial perturbation parameters in the ⇤CDM+tensor model from Planck combined with other data
sets. The constraints are given at the pivot scale k⇤ = 0.002 Mpc�1.
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Fig. 1. Marginalized joint 68% and 95% CL regions for ns and r0.002 from Planck in combination with other data sets compared to
the theoretical predictions of selected inflationary models.

CL for the WMAP 9-year data and is further excluded by CMB
data at smaller scales.

The model with a quadratic potential, n = 2 (Linde, 1983),
often considered the simplest example for inflation, now lies
outside the joint 95% CL for the Planck+WP+high-` data for
N⇤ . 60 e-folds, as shown in Fig. 1.

A linear potential with n = 1 (McAllister et al., 2010), mo-
tivated by axion monodromy, has ⌘V = 0 and lies within the

95% CL region. Inflation with n = 2/3 (Silverstein & Westphal,
2008), however, also motivated by axion monodromy, now lies
on the boundary of the joint 95% CL region. More permissive
entropy generation priors allowing N⇤ < 50 could reconcile this
model with the Planck data.

p = 1p > 2 p = 2

q
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[Roest ’13; García-Bellido,Roest ’14]



Universality and the field range  

The number of e-folds is related to the scalar field excursion via 
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Universality and the field range  
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• Logarithmic class: 
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Field range and tensor to scalar ratio

We can unify all cases by writing the field range in terms of r:

p = 2

p > 2 , �� ⇠ �e

6
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FIG. 1. The behaviour of (log10(��), log10(r)) for the Lyth
bound (dotted) as well as chaotic (dashed), inverse hilltop
(top), Starobinsky (dashed) and hilltop (bottom) models, re-
spectively, as a function of �0. The di↵erent straight lines
correspond to di↵erent powers p in the scalar potential of (in-
verse) hilltop.

As noted before, the field range for n > 1 will have
the constant, N -independent part as the leading con-
tribution. The expression for this part will be model-
dependent. As an example, for hilltop inflation we find
(* should we replace n by p here?)

�� ' �e =

 r
2

8n�2

! 1
n�1 ✓

n� 2

n

◆ 1
2

r
n�2

2(n�1)N (43)

Indicating that the power of r falls o↵ with n. It is equal
to 1/2 for n  1, while for n > 1 it decreases from 1/2 to
0.

This approximate behaviour can be compared to a full
numerical analysis for the di↵erent models, resulting in
figure 1. Indeed the fact that these curves are almost
straight lines in this double-log plot confirms the validity
of the large-N approximation, resulting in (39), (40) and
(43).

An immediate implication of the above expressions is
that the actual expressions for the field range of this en-
tire set of models is much larger than implied by the Lyth
bound. One way of phrasing this is that the tensor-to-
scalar ratio is at least a decade smaller than the Lyth
bound. One implication of this is that the transition be-
tween sub- and super-Planckian field ranges takes places
at a lower value than r = 3 · 10�3. As a conservative
estimate one could take r � 5 · 10�4 as the transition
point. In other words, when detecting a tensor-to-scalar

ratio above this value, the inflationary field range will be
super-Planckian. Small field models with sub-Planckian
ranges are only possible for values of r below this thresh-
old. One could fit this empirical bound by

�� �
⇣ r

0.0005

⌘1/2
, (44)

in this region of parameter space. This bound is satisfied
by the chaotic models with n = 0, while higher values
of n satisfy even stronger bound. By taking the consid-
erable tension that chaotic models have with the Planck
data, one can therefore strengthen this bound a bit more.
Assuming that n >? one can read o↵ that

�� �
⇣ r

0.0005

⌘1/2
, (45)

which is exactly a decade lower than the original expres-
sion (??).
Note that one could violate this bound by considering

inverse hilltop models with very small powers p and hence
very small n, but these are under severe pressure by the
Planck constraints on the spectral index. The same holds
for chaotic models.
An interesting point in this respect is n =??, for which

one obtains

�� ' r1/4 (46)

This was also found in [? ] (but at a di↵erent value
for n?). Note that its functional form coincides with the
Efstathiou-Mack relation, which was an empirical obser-
vation on the basis of a a large number of simulations
retaining the first ten Hubble flow functions (??). How-
ever, the Estathiou-Mack relation was only observed to
be valid for r � 0.001, while n =? naturally has a much
smaller tensor-to-scalar ratio.
One remarkable observation is that the Efstathiou-

Mack relation does not satisfy the Lyth bound.
Something interesting happens when including the log-

arithmic corrections.
8
><

>:

q < 2 : �� ' 1
p

2(2�q)
r1/2N lnN ,

q = 2 : �� ' 1
2
p

2
r1/2N lnN ln(lnN) ,

q > 2 : �� ' �e ,

(47)

In hilltop models we have:

Subleading corrections and data comparison

IV. DISCUSSION

Recap of the main results. Then, we highlight the spe-
cial role played by Starobinsky which is naturally singled
out by both the reformulation of the potential in terms
of N and by the analysis of the inflaton excursion in the
large N.
[...]
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For p>2 there is no universality in general. Example: hilltop 
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Similar to EM empiric relation, however theirs was found for 
large fields, not small field as here. 
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Universality at Large-N and the Lyth bound

Original Lyth bound was derived assuming monotonically 
increasing    . Using ✏1

thus for r of percent level, the field range is super-Planckian
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Universality at Large-N and the Lyth bound

We can refine the Lyth bound for the full field range 
using our large-N result, which can be written as 
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FIG. 1. The behaviour of (log10(��), log10(r)) for the Lyth
bound (dotted) as well as chaotic (dashed), inverse hilltop
(top), Starobinsky (dashed) and hilltop (bottom) models, re-
spectively, as a function of �0. The di↵erent straight lines
correspond to di↵erent powers p in the scalar potential of (in-
verse) hilltop.

As noted before, the field range for n > 1 will have
the constant, N -independent part as the leading con-
tribution. The expression for this part will be model-
dependent. As an example, for hilltop inflation we find
(* should we replace n by p here?)

�� ' �e =

 r
2

8n�2

! 1
n�1 ✓

n� 2

n

◆ 1
2

r
n�2

2(n�1)N (43)

Indicating that the power of r falls o↵ with n. It is equal
to 1/2 for n  1, while for n > 1 it decreases from 1/2 to
0.

This approximate behaviour can be compared to a full
numerical analysis for the di↵erent models, resulting in
figure 1. Indeed the fact that these curves are almost
straight lines in this double-log plot confirms the validity
of the large-N approximation, resulting in (39), (40) and
(43).

An immediate implication of the above expressions is
that the actual expressions for the field range of this en-
tire set of models is much larger than implied by the Lyth
bound. One way of phrasing this is that the tensor-to-
scalar ratio is at least a decade smaller than the Lyth
bound. One implication of this is that the transition be-
tween sub- and super-Planckian field ranges takes places
at a lower value than r = 3 · 10�3. As a conservative
estimate one could take r � 5 · 10�4 as the transition
point. In other words, when detecting a tensor-to-scalar

ratio above this value, the inflationary field range will be
super-Planckian. Small field models with sub-Planckian
ranges are only possible for values of r below this thresh-
old. One could fit this empirical bound by

�� �
⇣ r

0.0005

⌘1/2
, (44)

in this region of parameter space. This bound is satisfied
by the chaotic models with n = 0, while higher values
of n satisfy even stronger bound. By taking the consid-
erable tension that chaotic models have with the Planck
data, one can therefore strengthen this bound a bit more.
Assuming that n >? one can read o↵ that

�� �
⇣ r

0.0005

⌘1/2
, (45)

which is exactly a decade lower than the original expres-
sion (??).
Note that one could violate this bound by considering

inverse hilltop models with very small powers p and hence
very small n, but these are under severe pressure by the
Planck constraints on the spectral index. The same holds
for chaotic models.
An interesting point in this respect is n =??, for which

one obtains

�� ' r1/4 (46)

This was also found in [? ] (but at a di↵erent value
for n?). Note that its functional form coincides with the
Efstathiou-Mack relation, which was an empirical obser-
vation on the basis of a a large number of simulations
retaining the first ten Hubble flow functions (??). How-
ever, the Estathiou-Mack relation was only observed to
be valid for r � 0.001, while n =? naturally has a much
smaller tensor-to-scalar ratio.
One remarkable observation is that the Efstathiou-

Mack relation does not satisfy the Lyth bound.
Something interesting happens when including the log-

arithmic corrections.
8
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r1/2N lnN ln(lnN) ,

q > 2 : �� ' �e ,

(47)

In hilltop models we have:

Subleading corrections and data comparison

IV. DISCUSSION

Recap of the main results. Then, we highlight the spe-
cial role played by Starobinsky which is naturally singled
out by both the reformulation of the potential in terms
of N and by the analysis of the inflaton excursion in the
large N.
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- Using the expression for ns we can relate further       to ns and r��

ns � 1 = � p

N

• p = 2
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FIG. 1. The behaviour of (log10(��), log10(r)) for the Lyth
bound (dotted) as well as chaotic (dashed), inverse hilltop
(top), Starobinsky (dashed) and hilltop (bottom) models, re-
spectively, as a function of �0. The di↵erent straight lines
correspond to di↵erent powers p in the scalar potential of (in-
verse) hilltop.

As noted before, the field range for n > 1 will have
the constant, N -independent part as the leading con-
tribution. The expression for this part will be model-
dependent. As an example, for hilltop inflation we find
(* should we replace n by p here?)
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Indicating that the power of r falls o↵ with n. It is equal
to 1/2 for n  1, while for n > 1 it decreases from 1/2 to
0.

This approximate behaviour can be compared to a full
numerical analysis for the di↵erent models, resulting in
figure 1. Indeed the fact that these curves are almost
straight lines in this double-log plot confirms the validity
of the large-N approximation, resulting in (39), (40) and
(43).

An immediate implication of the above expressions is
that the actual expressions for the field range of this en-
tire set of models is much larger than implied by the Lyth
bound. One way of phrasing this is that the tensor-to-
scalar ratio is at least a decade smaller than the Lyth
bound. One implication of this is that the transition be-
tween sub- and super-Planckian field ranges takes places
at a lower value than r = 3 · 10�3. As a conservative
estimate one could take r � 5 · 10�4 as the transition
point. In other words, when detecting a tensor-to-scalar

ratio above this value, the inflationary field range will be
super-Planckian. Small field models with sub-Planckian
ranges are only possible for values of r below this thresh-
old. One could fit this empirical bound by
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in this region of parameter space. This bound is satisfied
by the chaotic models with n = 0, while higher values
of n satisfy even stronger bound. By taking the consid-
erable tension that chaotic models have with the Planck
data, one can therefore strengthen this bound a bit more.
Assuming that n >? one can read o↵ that
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which is exactly a decade lower than the original expres-
sion (??).
Note that one could violate this bound by considering

inverse hilltop models with very small powers p and hence
very small n, but these are under severe pressure by the
Planck constraints on the spectral index. The same holds
for chaotic models.
An interesting point in this respect is n =??, for which

one obtains
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This was also found in [? ] (but at a di↵erent value
for n?). Note that its functional form coincides with the
Efstathiou-Mack relation, which was an empirical obser-
vation on the basis of a a large number of simulations
retaining the first ten Hubble flow functions (??). How-
ever, the Estathiou-Mack relation was only observed to
be valid for r � 0.001, while n =? naturally has a much
smaller tensor-to-scalar ratio.
One remarkable observation is that the Efstathiou-

Mack relation does not satisfy the Lyth bound.
Something interesting happens when including the log-

arithmic corrections.
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In hilltop models we have:

Subleading corrections and data comparison

IV. DISCUSSION

Recap of the main results. Then, we highlight the spe-
cial role played by Starobinsky which is naturally singled
out by both the reformulation of the potential in terms
of N and by the analysis of the inflaton excursion in the
large N.
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Degeneracies of the field range  

Given a point in the inflationary data            is the field range 
necessarily fixed?  

In particular, taking quadratic inflation as a benchmark model, 
is the field range unique?

(ns, r)

3

would be subleading corrections, e.g. at the level 1/N2,
observables calculated at horizon exit, such as ns and r,
will be observationally insensitive to these (as they are
too much suppressed for N ⇠> 50). Therefore, these are
universal predictions of entire classes of models that agree
in the large-N limit.

The same universality holds for the inflaton range. In
the case of chaotic models with parameters (10), the in-
flaton excursion �� will be basically determined just by
the leading term in N [20] through Eq. (8).

As these models receive most of their e-foldings at
large-N , one can safely assume that restricting to the
leading term of ✏1 is a very good approximation over the
relevant part of the inflationary trajectory. The expres-
sion for the inflaton field range will therefore read

��c = 2
p

2�
⇣
N

1/2
? �N1/2

e

⌘
, (11)

where the subscript c is added in order to refer more eas-
ily to the benchmark field excursion of monomial models
throughout the paper. Further, Ne = �, when assuming
that inflation ends at ✏1 = 1, and N? is found through
(3).

With the above relations, potentials of the type V (�) =
�n�

n will keep monomial form even when formulated in
terms of N , namely V (N) = h2N2� , and vice versa. The
relation between the two power coe�cients reads

� =
n

4
, (12)

and can be found by using Eq. (8). As an explicit ex-
ample, a quadratic potential corresponds to � = 1/2 and
an inflationary period of N = 60 leads to �� ' 14.14.
Of course, this is identical to the value of �� calcu-
lated through the scalar potential V , within the slow-roll
paradigm.

III. DEGENERACY OF THE FIELD RANGE

We now discuss the field range in di↵erent classes of
models. In particular, we are interested in exploring the
correspondence between a specific point in the (ns, r)
plane and the values of��. We will prove that it is possi-
ble to have exactly the same cosmological predictions, in
terms of the scalar tilt and the amount of gravitational
waves, while the field excursion may vary over several
orders of magnitude.

We analyze three classes of inflationary models with a
specific dependence on N for the Hubble flow parame-
ters. Such classes, discussed at length in [14], reproduce
the large-N behaviour of most of the inflationary models
available in the literature.

As a first case, we discuss the so-called perturbative

class, characterized by a leading term in ✏1 scaling as
1/Np, with p being a constant positive coe�cient. Then,
we analyze models where logarithmic terms, such as
lnq(N + 1), appear in the leading part of ✏1. In a third

class of models, we consider the parameter ✏1 having a
non-perturbative form, in the limit at large-N , of the type
✏1 ⇠ exp(�cN). We will consider the possibility of let-
ting the total number of e-folds N vary over a certain
interval which is related to reheating details of the spe-
cific model. Interestingly, we find an upper bound on ��
and the total number of e-folds which sets connections
among the three classes of models considered.
As final part of our analysis, we focus on the logarith-

mic class and we explore the possibility of playing with
the power coe�cient q, while keeping N fixed. This is an
alternative way to get the same predictions of quadratic
inflation, while having quite di↵erent values for the in-
flaton range. We will consider the possibility of going
beyond single-field and/or slow-roll inflation and getting
a sub-Planckian ��.
Throughout the paper, we assume that the inflation-

ary parameters ✏1 and ✏2 of each class are exact over the
whole inflationary trajectory, as it happens for chaotic
scenarios. In several cases, this may be a very good ap-
proximation and may capture most of the essential prop-
erties of the models falling into the specific universality
classes. Anyhow, we will take advantage of a formula-
tion purely in terms of N and extract the information
we are interested in, without referring to the particu-
lar form of the scalar potential V (�). In fact, for any
specific parametrization of each class, the latter may be
very complicated when expressed in terms of the canon-
ical scalar field �.
In what follows, the benchmark will be the value of ��

for chaotic models corresponding to a quasi exponential
expansion of N = 60. This sets

N? = � + 60 , (13)

as corresponding to horizon exit. Moreover, all symbols
with a tilde will be reserved for the classes being exam-
ined, while the benchmark models will have no tilde.

A. Perturbative class

We start considering the possible degeneracies within
the perturbative class of models. In this case, the rele-
vant Hubble flow parameters for determining the obser-
vational data have the following N -dependence:

✏1 =
�̃

Np
, ✏2 = � p

N
. (14)

The case discussed in sec. II is easily recovered for p = 1
and �̃ = �.
We would like to reproduce the same ns and r of the

benchmark chaotic model through a generic pertubative
model with p 6= 1. This translates into equating both ✏1
and ✏2 of (10) to the functions (14) at horizon exit, re-
spectively at N? and Ñ?. As result, we have the following
relations:

�̃ = �
Ñp

?

N?
, p =

Ñ?

N?
. (15)

Chaotic inflation has p=1, �� =
2
p
2�0
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Degeneracies of the field range  

We want to reproduce  a point in             plane with different  

• Perturbative class: ✏1 =
�

Np
, ✏2 = � p

N

(ns, r)

(p,�,�N)

Boils down to equating the Hubble parameters of each model:

i = 1, 2✏ci = ✏pi ,
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FIG. 3. The inflaton range�� as function of p in two di↵erent
limits for the pertubative class of models. For low values of
p (no fine-tuning), �� may vary over a range related to the
total number of e-folds Ñ . In the large p region, the upper
bounds on �� becomes evident.

each specific value of �. This can be seen explicitly
by taking the limit of (20) for p ! 1, this becomes:

�� ! 2
p
2N1/2

?

h
N

1/2
? �

p
�
i
. (21)

This corresponds to an upper bound also on Ñ , as
can be seen again by taking the limit for p ! 1 of
equation (18), which gives:

Ñ ! N? ln
N?

�
. (22)

This limit cannot be appreciated in Fig. 2, given the
reported limited range of p. Plugging the values of
the parameters for quadratic inflation into (21) and
(22), one gets the approximate bounds4

�� ! 155.56 , Ñ ! 290 . (23)

4
Such large values of

˜N are not necessarily realistic (see e.g. the

discussion in [21] for an upper estimate); nevertheless, it is inter-

esting to study the behaviour of the field range for such models.

Curiously, the hierarchy of ranges is inverted with
respect to the one present at small p, as it is clear by
comparing the two pictures of Fig. 3: at higher val-
ues of the tensor-to-scalar ratio r, we have smaller
ranges.

We will see that the bounds for �� and Ñ found
here are recovered in the next two cases we consider
in sec. III B and III C, within the analysis of the
logarithmic and non-perturbative classes of models.

B. Logarithmic class

As a second case, we consider models with a first sub-
leading correction to the Hubble flow parameters. While
still neglecting higher order 1/N terms, one can imagine
including a logarithmic dependence on N such as

✏1 =
�̃

Np lnq(N + 1)
,

✏2 = � p

N
� q

(N + 1) ln(N + 1)
.

(24)

Inflationary models having similar dependence can be
found e.g. in [13].
As in the previous case, in order to mimic the obser-

vational predictions of chaotic models in terms of (ns, r),
we equate (✏1, ✏2) of (10) to (24) at horizon exit, respec-
tively at N? and Ñ?. As result, we obtain

�̃ = �
Ñp

? lnq(Ñ? + 1)

N?
(25)

q =

✓
1

N?
� p

Ñ?

◆
(Ñ? + 1) ln(Ñ? + 1) (26)

where Ñ? = Ñe + Ñ and Ñe is determined by the condi-
tion ✏1 = 1:

�̃

Ñp
e lnq(Ñe + 1)

= 1 . (27)

We follow the same approach as in the perturbative
case and allow Ñ to vary as function of p, while fixing
q. The range of the inflaton �� can be determined by
integrating (8) as before. However, we have to rely on
numerics as obtaining an analytic expression both for Ñ
and �� turns out to be not as trivial as in the previous
case. For this reason, we restrict our analysis just to
the benchmark of a quadratic potential, namely just to
� = 1/2.
The results for the field range and the total number of

e-folds are summarized in Fig. 4, for two di↵erent values
of q. As we can see, for large values of p, we recover
exactly the same bounds (23) found within the analysis
of the perturbative class. This is a remarkable result,
though it may be understood from the large p behaviour
of ✏1. In this limit, Ñ also increases and hence subleading
terms, in ✏n for n � 2, will be increasingly irrelevant. The
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total number of e-folds Ñ . In the large p region, the upper
bounds on �� becomes evident.

each specific value of �. This can be seen explicitly
by taking the limit of (20) for p ! 1, this becomes:
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This corresponds to an upper bound also on Ñ , as
can be seen again by taking the limit for p ! 1 of
equation (18), which gives:

Ñ ! N? ln
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This limit cannot be appreciated in Fig. 2, given the
reported limited range of p. Plugging the values of
the parameters for quadratic inflation into (21) and
(22), one gets the approximate bounds4

�� ! 155.56 , Ñ ! 290 . (23)

4
Such large values of

˜N are not necessarily realistic (see e.g. the

discussion in [21] for an upper estimate); nevertheless, it is inter-

esting to study the behaviour of the field range for such models.

Curiously, the hierarchy of ranges is inverted with
respect to the one present at small p, as it is clear by
comparing the two pictures of Fig. 3: at higher val-
ues of the tensor-to-scalar ratio r, we have smaller
ranges.

We will see that the bounds for �� and Ñ found
here are recovered in the next two cases we consider
in sec. III B and III C, within the analysis of the
logarithmic and non-perturbative classes of models.

B. Logarithmic class

As a second case, we consider models with a first sub-
leading correction to the Hubble flow parameters. While
still neglecting higher order 1/N terms, one can imagine
including a logarithmic dependence on N such as

✏1 =
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Np lnq(N + 1)
,

✏2 = � p
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� q
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.
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Inflationary models having similar dependence can be
found e.g. in [13].
As in the previous case, in order to mimic the obser-

vational predictions of chaotic models in terms of (ns, r),
we equate (✏1, ✏2) of (10) to (24) at horizon exit, respec-
tively at N? and Ñ?. As result, we obtain
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= 1 . (27)

We follow the same approach as in the perturbative
case and allow Ñ to vary as function of p, while fixing
q. The range of the inflaton �� can be determined by
integrating (8) as before. However, we have to rely on
numerics as obtaining an analytic expression both for Ñ
and �� turns out to be not as trivial as in the previous
case. For this reason, we restrict our analysis just to
the benchmark of a quadratic potential, namely just to
� = 1/2.
The results for the field range and the total number of

e-folds are summarized in Fig. 4, for two di↵erent values
of q. As we can see, for large values of p, we recover
exactly the same bounds (23) found within the analysis
of the perturbative class. This is a remarkable result,
though it may be understood from the large p behaviour
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two lines in Fig. 4, corresponding to di↵erent values of
q, do di↵er for smaller values of p. However, they show
identical behavior when p increases, which correspond to
a large-Ñ limit.

FIG. 4. Field range �� and total number of e-folds Ñ as
functions of p in the logarithmic class, for two fixed values of
q. The lines correspond to the same predictions of quadratic
inflation (� = 1/2). The bounds on �� and Ñ can be appre-
ciated at large values of p.

C. Non-perturbative class
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where c is a constant. Note that we are not including
any coe�cient for ✏1 as this can be set equal to one by a
shift in N .
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reproduce the same observational predictions of chaotic
inflation models. We get the following relations:

Ñ? =
1

2c
ln

N?

�
, c =

1

2N?
. (29)
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Ñe = Ñ? � Ñ = 0 , (30)

which can be manipulated, using (29), in order to get the
following condition on the total number of e-foldings:

Ñ = N? ln
N?

�
, (31)

expressed just in terms of parameters of the benchmark
models, whereN? is given by (13). Eq. (31) fixes uniquely

the total amount of exponential expansion required to
give the same (ns, r) of the chaotic scenarios, with pa-
rameter �, and to end inflation via the condition ✏1 = 1.
Note that this coincides exactly with the large-p limit of
the perturbative case, namely Eq. (22).
The inflaton range is given by integrating Eq. (8) be-

tween Ñe and Ñ?:

�� =

p
2

c

⇣
1� e�cÑ?

⌘
. (32)

The latter can be written just in terms of the benchmark
parameters by using (29) and it reads

�� = 2
p
2
⇣
N? �

p
�N?

⌘
, (33)

which yields the field range in terms of �. Note that this
again coincides exactly with the large-p limit of the field
range in the perturbative case, that is (21). Fig. 5 shows
such functional dependence and the negative slope of the
curve makes explicit the inversion of hierarchy of field
ranges with respect to the one which naively one would
expect. In fact, lower values of r (lower values of �) will
correspond to larger ��. This is exactly the same finding
for the upper bounds in the perturbative class of models.
Such behavior becomes explicit once we express Eq. (33)
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�� = 2
p
2N ���c , (34)

where N is the total number of e-folds for the benchmark
chaotic models and, throughout our study, it is fixed to
be equal to 60. However, it is not possible to arbitrarily
decrease �� even going to really large values of �. In
fact, by taking the limit for5 � ! 1 of (33), we obtain

�� !
p
2N , (35)

as can be seen in the second plot of Fig. 5, where N = 60.
This corresponds to a lower-bound on Ñ which, in the
same limit, approaches the benchmark number of e-folds
N , as it clear by taking the limit of (31). The field range
of

p
2N can then be understood from an ✏1 parameter

that is approximately equal to one during almost the en-
tire inflationary period.
Within the non-perturbative models, it is then possi-

ble to mimic chaotic scenarios in terms of their cosmo-
logical observables ns and r. Nevertheless, both the total
number of e-foldings Ñ and the field excursion �� are
uniquely determined once we choose the power coe�cient
of the chaotic scenario, namely once we fix �. Curiously,
the resulting values perfectly correspond to the upper-
limits we found in the previous sections. In the specific

5
Such a limit is anyway not physical as it would correspond to an

infinitely large amount of primordial gravitational waves.

when p ! 1

�N ! 290 , �� ! 155.56

�N
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FIG. 5. The inflaton range�� as function of � in two di↵erent
limits for the non-perturbative class of models. For low values
of � (physical values for the tensor-to-scalar ratio r), �� is a
decreasing function. The four coloured points correspond to
the upper-bounds already found in sec. III A and III B. In the
large-� limit, the inflaton range cannot arbitrarily decrease
and approaches a lower-limit.

example of quadratic inflation, that is for � = 1/2, one
obtains again �� ⇡ 155.56 and Ñ ⇡ 290, as expected
from the discussion in sec. III A and III B.

Note, however, that this limit appears only in the large-
N limit of the non-perturbative class. We have discussed
specific models of this class in [14]. An example is nat-
ural inflation [22], which has specific subleading correc-
tions in addition to (28). In the limit of a large period-
icity, corresponding to small c, this model asymptotes to
quadratic inflation and therefore has the same field range
as this benchmark model. The origin of this di↵erence
with (33) lies in the subleading corrections, that exactly
become increasingly important when c is small (the e↵ec-
tive expansion parameter being 1/cN). In other models,
like hybrid inflation [23], which end by the action of a
transverse symmetry breaking field, the excursion can be
even smaller, and still satisfy Planck and BICEP2. We
will discuss a similar phenomenon in the next subsection.

D. Sub-Planckian field ranges

We now take a di↵erent approach within the logarith-
mic class of models, in order to illustrate the possibil-
ity of obtaining smaller field ranges as compared to the
benchmark model of quadratic inflation. The idea is to
reproduce the same observational predictions in terms of
(ns, r) by fixing Ñ (in what follows, we assume Ñ = 60)
and letting q vary as a function of p through the relation
(26).
Once again, the inflationary field range �� can be

determined by integrating (8) numerically. We find a
striking di↵erence between values of p that are larger or
smaller than around 1.1.
We find that setting the end of inflation by ✏1 = 1 turns

out to be possible only for p not exceeding a value around
1.1. For p > 1.1 the function ✏1(N), given by (24), never
reaches the unity and, then, a viable inflationary scenario
has to be ended through some other mechanism.
On the other hand, one can still set the end of slow-

roll inflation via the condition ✏2 = 1. In this case, the
field range is a decreasing function of p, as showed in
Fig. 6, and the values of �� correspond to the distance
which the canonical field � travels within the slow-roll
approximation. For su�ciently large p, such excursion
becomes even sub-Planckian. However, note that these
models generically would not correspond to slow-roll in-
flation throughout the whole period of exponential ex-
pansion and they would need to end inflation e.g. via a
second field, or some other mechanism.

FIG. 6. Slow-roll field range �� as function of p. The end
of slow-roll inflation is set through the condition ✏2 = 1.
Sub-Planckian field ranges can be obtained if inflation ends
through a second field or some other mechanism.

IV. DISCUSSION

In this paper, we have investigated the implications of
the CMB data for the inflationary field range. More pre-
cisely, we have tried to answer to what extent one can

�
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from the discussion in sec. III A and III B.

Note, however, that this limit appears only in the large-
N limit of the non-perturbative class. We have discussed
specific models of this class in [14]. An example is nat-
ural inflation [22], which has specific subleading correc-
tions in addition to (28). In the limit of a large period-
icity, corresponding to small c, this model asymptotes to
quadratic inflation and therefore has the same field range
as this benchmark model. The origin of this di↵erence
with (33) lies in the subleading corrections, that exactly
become increasingly important when c is small (the e↵ec-
tive expansion parameter being 1/cN). In other models,
like hybrid inflation [23], which end by the action of a
transverse symmetry breaking field, the excursion can be
even smaller, and still satisfy Planck and BICEP2. We
will discuss a similar phenomenon in the next subsection.

D. Sub-Planckian field ranges

We now take a di↵erent approach within the logarith-
mic class of models, in order to illustrate the possibil-
ity of obtaining smaller field ranges as compared to the
benchmark model of quadratic inflation. The idea is to
reproduce the same observational predictions in terms of
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models generically would not correspond to slow-roll in-
flation throughout the whole period of exponential ex-
pansion and they would need to end inflation e.g. via a
second field, or some other mechanism.

FIG. 6. Slow-roll field range �� as function of p. The end
of slow-roll inflation is set through the condition ✏2 = 1.
Sub-Planckian field ranges can be obtained if inflation ends
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IV. DISCUSSION

In this paper, we have investigated the implications of
the CMB data for the inflationary field range. More pre-
cisely, we have tried to answer to what extent one can

Fixing        =60, while letting p, q vary, it is possible to find sub-
Planckian field ranges, by ending inflation when slow roll stops:

✏2 = 1

✏1 = ✏ , ✏2 = �4✏+ 2⌘

�N

but  

Accelerated expansion must end via some other mechanism: 
e.g. by a field as in hybrid inflation 



Summary

• Explored inflation in a (large)-N formalism. This 
allows for a useful classification of models in a 1/N 
expansion suggested by observation

• Analyzed universality properties of the field range 
at large-N for different classes of models 

• Refined Lyth bound and found novel relations 
among field range, the tensor to scalar ratio and 
the spectral index. 

• Studied the implications of CMB data for inflaton 
field range: to what extent one can infer      from a 
measurement of 

• Found an upper bound for field range and 
number of efolds. 

(ns, r)
��
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infer �� from a measurement of (ns, r). We have ana-
lyzed this question by comparing three di↵erent classes of
models – perturbative, logarithmic and non-perturbative
– to the benchmark models of chaotic inflation, with par-
ticular attention to the quadratic scenario.

Surprisingly, we have found that the field range can
vary an order of magnitude; while the quadratic model
implies �� ⇡ 14 in Planck units, the non-perturbative
class gives the same observables while �� is a factor 11
larger. Moreover, we have identified a continuous degen-
eracy in the other classes: di↵erent one-parameter fami-
lies of models yield identical (ns, r) while �� spans over
a quite large range. Remarkably, �� can be increased
by exactly the same factor by varying this parameter in
both the perturbative and the logarithmic class. There-
fore, this constitutes an upper bound for these classes of
models.

It might be surprising that there is an upper limit on
the field range. After all, we are allowing in principle
for an infinite number of e-foldings, hence one would ex-
pect it to be possible to hover just below ✏1 = 1 for an
infinitely long period in terms of N ; such a scenario is
illustrated by the upper line in Fig. 7. This period would
contribute an infinitely large field range �� as well. This
begs the question: why do we not find such infinitely
large field ranges? We suspect that the answer lies in
the Hubble flow equations for the slow-roll parameters.
For slow-roll inflation, in the approximation where we are
only keeping the lowest two slow-roll parameters, these
can be written as (where ✏ = ✏1 and ⌘ = 2✏1 + 1/2 ✏2)

d✏

dN
= 2✏(⌘ � 2✏) ,

d⌘

dN
= ✏(⌘ � 3✏) . (36)

Note that one cannot have both right-hand sides vanish-
ing at the same time when ✏ 6= 0; therefore it is impos-
sible to keep ✏ constant over a large range of e-foldings.
As a consequence, there is a limit on the number of e-
foldings between horizon exit and the end of inflation, for
a generic slow-roll model. This is a consequence of the
generic lower limit on d✏/dN , and translates into a limit
on the field range during this period.

Nevertheless, the above discussion constitutes only a
generic argument; in fact, specific and non-generic infla-
tionary models could have yet larger field ranges. Ex-
amples are in fact provided by models in the perturba-
tive and the logarithmic classes, with parameter p < 0.
In these models the field range can be arbitrarily large.
However, these models are contrary to the large-N ap-
proach that we have taken in this paper, where the in-
flationary period approaches a De Sitter phase as N be-
comes infinite. For p negative it turns out that one has
a cut-o↵ on the number of e-folds preceding the moment
of horizon exit. Therefore these do not extend infinitely
into the past, approaching a De Sitter phase. In this way
it turns out to be possible to evade the generic argument
for the upper limit based on (36) above.

From the perspective of UV-sensitivity, yet more inter-
esting is the question how small �� can be, and in par-
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FIG. 7. Two possible scenarios for the N -dependence of ✏:
the solid upper line aims to maximize the field range while
the lower minimizes it. The dashed lines correspond to the
same scenarios where one increases N .

ticular whether it can reach sub-Planckian values. This
point has been discussed in some detail recently in liter-
ature. In order to minimise the field range, one would
like to have the area under the curve ✏(N) in Fig. 7 as
small as possible; this case is illustrated by the lower line.
Starting at horizon exit, one would therefore need to sup-
press ✏ as fast as possible [24, 25] (see also the very recent
discussions [26–28]). In [16], however, it was pointed out
that this is impossible in the slow-roll approximation, ex-
actly due to Eq. (36); as the right hand sides are bilinear
in percent-level slow-roll parameters, these can only vary
rather slowly as a function of N . This upper bound on
the change of ✏ implies a lower bound on the field range.
Amusingly, this is the exact opposite reasoning which led
to the large field range discussion above.

The issue of getting a smaller �� with respect to the
benchmark of the quadratic model has been investigated
explicitly in the di↵erent classes. In the single-field slow-
roll approximation, we have found that sub-Planckian
field ranges do not seem to be possible, in agreement
with the recent bound [16]: we could only reduce �� by
a factor of three, down to �� ⇡ 5 in Planck units. How-
ever, these classes of models allow for a much stronger
reduction of the inflationary field range, provided one al-
lows for an alternative end of inflation. In particular,
by imposing the condition ✏2 = 1, we have found sub-
Planckian inflationary trajectories that satisfy all slow-
roll single-field requirements. Nevertheless, within these
models, the parameter ✏1 never reaches the unity and the
inflationary expansion needs to be stopped by some other
mechanism. Such models could be viable when perform-
ing a full fast-roll analysis, or when embedded e.g. in
a multi-field model. Note that this type of multi-field is
markedly di↵erent from those studied in Ref. [29]; in con-
trast to that reference, our entire inflationary trajectory
is purely single-field, and we only appeal to the second
field for a waterfall transition to end inflation.
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Cannot have both right-hand sides vanishing at the same time when 
ε ≠ 0, thus cannot keep ε constant over a large range of e-foldings. 

As a consequence, there is a limit on the number of e- foldings 
between horizon exit and the end of inflation, for a generic slow-roll 
model and translates into a limit on the field range during this period.


